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Motivation

e Gene involved in diabetes .

e Pharma company: Design drug to target regulatory sequences —
Prevent expression of this gene.

e Only have 2000 bases, need the entire gene ( 100 000 ) bases.

e Homology search of the human databank GenBank with BLAST .
New sequences are added to GenBank daily.

e 4 months later (June 2000), they get a match — entire gene .

e Plug the entire human gene into the mouse-genome database .
BLAST homology search.

e Find five matches in the noncoding area.

e DNA involved in gene regulation is well conserved during evolution
— These region are putative targets for drugs.
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Motivation Preliminaries: Moment generating function

e Let Y be a random variable with probability distribution P(Y").

e Moment generating function (mgf):

m(t) =) Py)e” = (")

O
@]
e kth moment &
. ™~ (V") = lim zm(1)

e For N iid random variables Y7,..., Yy:

mY1+...+YN(t) = my (t)N

_ Proof: my, 1. +v,(t) = Z P(yl,...,yN)e”“"*“'“"‘““'> = Z P(’y1)---P(?/w')61'<yl+”'ﬂ"“")
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Theorem for moment generating functions

e Y is a discrete random variable with mgf m(t).
e Y can take at least one negative value .
e Y can take at least one positive value .

e Y has nonzero mean: (V') #0 .

=> Then there exists a unique value A # 0 such that m(\) =1 .

eYe{l,-1}, PY=1)=p<05 Y)=p—(1-p) =2p—1#0

o Mgf: my(t) = pe' + (1 —p)e!

emy(\)=1 = pP—-ett+(l-p=0 = eAe{l,

1 —
Inique nonzero solution: A\ = In (_p>
p

l—p

p
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Null hypothesis

lull hypothesis: Sequences are unrelated

o P(i, k) = pip)

e The walk has a negative drift : (S) := ZpipﬁfS(i, k) <0
ik

Example:

+1if i=k
—1if ik

(8) = Y pmSGk) = > vl =Y v
ik i

i£k

= D _pi - (1_21)711);) = 2—1=-05<0

S(i,k) = [ p =Y pipl =025

Score function and random walk

DNA sequence alignment:

AGACTGTAGACAGCTAATTATGCAA

ACGCCCTAGCCACGAGCGTATCGCG
o G AL i=k

Score function S(i,k) , example: S(i, k) = 1t ik

Definitions

e Ladder points: Points in the walk lower than any previously reached point.

e Excursion:  Section of the random walk between two consecutive ladder
points.

e Peaks V;:  Maximum height of the ith excursion after leaving the ith
ladder point and before arriving at the (i + 1)th ladder point.

e Statistic of interest V,,,,, = max{Y¥1,..., Yy}

e Objective: Distribution of Y},,, under the null hypothesis .




Distribution of peak height Y under the null hypothesis: Example

wo step sizes: S € {1,—1}, P(S=1)=p<05

Single-step mgf: mg(t) = pe' + (1 — ple™*

1—
1N =1 = pP-—r+(1-p=0 = eAG{l,Tp}

1 —
Inique nonzero solution: A =1In <_p>
p

Multi-step mgf: mg 4 15, (A) = ms(VN = 1
— Same root \.

Distribution of the peak height Y under the null hypothesis: Example

e Start a random walk at a ladder point.

e The walk will stop at the next ladder point, which has the displacement
D=—1.

e This is the y — oo limit of a random walk that stops either at D = —1,
with probability P(p—_1), or at D =y, with probability Pp_,).

e Note: P(D:y) + P(D:fl) =1and P(D:y) = P(YZy)
e Displacement mgf: mp(t) =3, ePp(D)

emp(t) = Fp-ye' +Ppoye” = e+ Ppoy (¢ —e)
emp(A) = 1 = e+ Pysy (¢ —e) =1

1—e? oy
e — Flysy = o For y — 00: Pys, =[1—e e

o Null hypothesis: ~ Geometric-like distribution: Py~,) — Ce™, with
C=1-¢"

Distribution of the peak height Y under the null hypothesis: Generalisation

tart a random walk at a ladder point L; 1. The random walk will terminate at ladder point
; < L;_1, that is, with a final vertical displacement D; = L; — L; 1. The maximum upwards
xcursion of this walk is Y.

e Single-step mgf: mg(t) = ijpZGtS(i'k); mg(A) =1 — A
ik

o Multi-step mgf:  mg, 1. 15, (t) = mg(t)‘w =  mg,.sy(N) =1

e Final-displacement mgf: mp(t) = Z P(D)e?!
D

e For N — oo, the walk will eventually terminate. This implies that mg, g, (t) — mp(t)
and, consequently, that mp()\) = 1.

e Distribution of interest: P(Y > y), the probability that the maximum upwards excursion
is greater or equal y.

o From mp(A\)=1 — Fory— 0o, P(Y >y)=Ce V.

e This means that under the null hypothesis, the maximum height Y has (asymptotically)
a geometric-like distribution .

Average number of high-scoring excursions E

e What is the average number of excursions ?

o Average step size : (S) = ZpipﬁfS(z', k)
ik
e Average final displacement : (D) = Z PpD
D

e Average length of an excursion : A = (D)/(S)

e Average number of excursions : n = N/A, where N is the length of the
alignment.

e Average number of high-scoring excursions with Y > y:
E=nP(Y >y)=nCeV




Average number of high-scoring excursions F Distribution of Y}, under the null hypothesis

e Number of excursions: n
= le: T tep si 1,—-1}, P(S=1)= 0.5
xampie wo step sizes, S € { ’ } (S ) p <9 o Yy, ..., Y, areiid random variables, Py, ~ Ce ™

e Average stepsize: (S)=(1)p+(—-1)(1—p)=2p—1 o Voo = max{Y,...,Y,}

o Average final displacement: Pp__y=1 = (D)= -1 e Distribution of interest: Py, . >,

) D —1 1 Ext lue distribution:
e Average length of an excursion: A = u _ D * Tireme vatte distrbution

)72p—1:1—2p

—

N = Ptwesy) = Prisyrvesyn.avasy) = H Pyi<y) = [P(Y'Sy)} ’
e Average number of excursions: n = i (1-2p)N .

n n
= Ppazy) =1 = Plyag<y-1) = 1 = [P(Yi,l/fl)} =1- [1 - P(Yzy)]
e Average number of high-scoring excursions with Y > y: . P CeV — P L= 1= cem]
Trrom Hyzy BLe T (Ymaazy) = 1= [ —Ce }

Y Y e Approximation to the extreme value distribution (without derivation):
E = nP(Y >y)=nCe™"Y, C=1-e

7 7 PYmm>l) ~1-— (:7E(J/)
(1=2p)(1 — e )Ne ™ (Yinar2y o
where F(y) = expected number of excursions with Y., > v :

E(y) = 1Py, >y = nCe™™

Example Edge effects and multiple testing
GACTGTAGACAGCTAATTATGCAA ) )
CGCCCTAGCCACGAGCGCTATCGCOG e Comparison of two unaligned sequences:

— Given two sequences of lengths Ny and N, without a specific alignment. Goal: Find
the significance of high-scoring segment pairs between all possible local alignments .

— Approximation: Apply the previous theory with the replacement: N — NN,
e Edge effects

— Previous derivation: asymptotic result , valid for infinite sequence length: N — oc.

— A high-scoring random walk excursion induced by the comparison of two sequences
might be cut short at the end of a sequence match. Consequence: The height of

ifi—k high-scoring excursions, and the number of such excursions, tend to be less than
p=P(S=1)=025

core function: S(i, k) = [

—1if i £k’ predicted by the asymptotic theory.
verage number of high-scoringl excursio)n75 with Y >y = (1—2p)(1 —e *)Ne ™ e Database search: Have a query sequence , search an entire database of many sequences
rom single-step mgf: A =1In Tp = loég =3 for those with significant similarity to the query sequence. — Correct for multiple testing

) =05(1-HN () =N (@G
[ =25V =4 — E=25(3)"=0.103
—value = 1 — e ¥ =0.008




The score function for proteins

. +1if i=k
e So far: S(i,k) =26 — 1 Vi Ak
- . 2 Y. . "
e Better choice: PAM matrices S(i, k) = log =————, where ¢, (i, k) is the probability of
p

i
observing the amino acid pair (i, k). Motivation: likelihood ratio test.

e 7 represents evolutionary time. The larger 7, the larger the evolutionary distance between
the sequences.
T—=0 = ¢i,k)— oy
T— 00 = q(i,k) — pipi

e Two sequences are related , and we know the correct value of 7 — Average steps size
(S) positive. (S) = mutual information between the sites.

ZZquk ZZqukloqu k)

e Two sequences are unrelated — Average steps size (S) negative:

Z szpks ik) = Zmek log == aCL) ZZIMDL log p‘pkk>

Problem with the score function

e PAM score matrices obtained from a database of aligned protein sequences. Statistics
and degree of divergence might be different from (1) the query sequence and (2) the
database of interest.

e Assume two sequences are related, but we use the wrong evolutionary time 7/ rather
than correct value 7.

SO WULELNES WL J1og 1)

PiPk

o If 7> 7 — q.(i, k) is more similar to p;p;. than to ¢, (i, k):

qule lp/»

Pk

o If 7/ < 7 — q.(i,k) is more similar to p;p;, than to ¢, (i, k):

S nanlos L < - 3T S s L <0

e Consequence: We don't get any positive hits — large type Il error.




