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Learning Bayesian networks

P(M|D)  = P(D|M) P(M) / Z

M: Network structure. D: Data



MCMC in structure space
Madigan & York (1995),  Guidici & Castello (2003)





Alternative paradigm: order MCMC

Machine Learning, 2004



Exploiting the modularity of Bayesian networks
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Possible structures
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Possible structures
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Order contraint

Parents have to 
be “upstream”
in the order.



Alternative paradigm: order MCMC





MCMC in structure space
Instead of



MCMC in order space







Problem:                             
Distortion of the prior distribution
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Proposed new paradigm

• MCMC in structure space rather than 
order space.

• Design new proposal moves that achieve 
faster mixing and convergence.



Idea

Propose new parents from the distribution:

•Identify those new parents that are involved 
in the formation of directed cycles.

•Orphan them, and sample new parents for 
them subject to the acyclicity constraint.



1) Select a node 2) Sample new parents 3) Find directed cycles

4) Orphan “loopy” parents 5) Sample new parents for these parents



Path via illegal structure

Problem: This move is not reversible



Devise a modified move        
that is reversible

•Identify a pair of nodes X      Y   

•Orphan both nodes.

•Sample new parents from the “Boltzmann 
distribution” subject to the acyclicity
constraint such the inverse edge
Y    X is included.

C1

C2

C1,2 C1,2



1) Select an edge

2) Orphan the nodes involved 3) Constrained resampling of the parents



This move is reversible!



1) Select an edge

2) Orphan the nodes involved 3) Constrained resampling of the parents



Mathematical Challenge:

• Show that condition of detailed 
balance is satisfied.

• Derive the Hastings factor …
• … which is a function of various 

partition functions



Acceptance probability





Evaluation

• Does the new method avoid the bias
intrinsic to order MCMC?

• How do convergence and mixing
compare to structure and order 
MCMC?

• What is the effect on the network 
reconstruction accuracy?



Results

• Analytical comparison of the 
convergence properties

• Empirical comparison of the 
convergence properties

• Evaluation of the systematic bias
• Molecular regulatory network 

reconstruction with prior knowledge



Analytical comparison of the 
convergence properties

• Generate data from a noisy XOR
• Enumerate all 3-node networks

t



Analytical comparison of the 
convergence properties

• Generate data from a noisy XOR
• Enumerate all 3-node networks
• Compute the posterior distribution p°
• Compute the Markov transition matrix A

for the different MCMC methods 
• Compute the Markov chain p(t+1)= A p(t)
• Compute the (symmetrized) KL

divergence KL(t)= <p(t), p°>

t



Solid line: REV-MCMC. Other lines: structure MCMC 
and different versions of inclusion-driven MCMC 



Results

• Analytical comparison of the 
convergence properties

• Empirical comparison of the 
convergence properties

• Evaluation of the systematic bias
• Molecular regulatory network 

reconstruction with prior knowledge



Empirical comparison of the 
convergence and mixing properties

• Standard benchmark data: 
Alarm network (Beinlich et al. 1989) for 
monitoring patients in intensive care

• 37 nodes, 46 directed edges
• Generate data sets of different size
• Compare the three MCMC 

algorithms under the same 
computational costs

structure MCMC (1.0E6)

order MCMC (1.0E5)

REV-MCMC (1.0E5)





Structure MCMC Order MCMCNEW







What are the implications for 
network reconstruction ?

ROC curves
Area under the ROC curve 

(AUROC)

AUC=0.75AUC=1AUC=0.5





Results

• Analytical comparison of the 
convergence properties

• Empirical comparison of the 
convergence properties

• Evaluation of the systematic bias
• Molecular regulatory network 

reconstruction with prior knowledge



Evaluation of the systematic bias 
using standard benchmark data

• Standard machine learning benchmark 
data: FLARE and VOTE

• Restriction to 5 nodes complete 
enumeration possible (~ 1.0E4 structures)

• The true posterior probabilities of edge 
features can be computed

• Compute the difference between the true 
scores and those obtained with MCMC



Deviations between true and estimated directed edge feature posterior probabilities



Deviations between true and estimated directed edge feature posterior probabilities



Results

• Analytical comparison of the 
convergence properties

• Empirical comparison of the 
convergence properties

• Evaluation of the systematic bias
• Molecular regulatory network 

reconstruction with prior 
knowledge



Raf regulatory network

From Sachs et al Science 2005



Raf signalling pathway

• Cellular signalling network of 11 
phosphorylated proteins and 
phospholipids    in human immune 
systems cell 

• Deregulation carcinogenesis
• Extensively studied in the literature          

gold standard network



Data
Prior knowledge



Flow cytometry data

• Intracellular multicolour flow 
cytometry experiments: 
concentrations of 11 
proteins

• 5400 cells have been 
measured under 9 different 
cellular conditions (cues)

• Downsampling to 10 & 100 
instances (5 separate 
subsets): indicative of 
microarray experiments



Data
Prior knowledge



Deviation between the network G 
and the prior knowledge B: Graph: є {0,1}

Prior knowledge: є [0,1]“Energy”

Prior distribution over networks

Hyperparameter



Prior knowledge
Sachs et al.

Edge Non-edge

0.1
0.4
0.45

0.9   
0.6 
0.55



AUROC scores



Conclusions
• The new method avoids the bias

intrinsic to order MCMC.
• Its convergence and mixing are 

similar  to order MCMC; both 
methods outperform structure MCMC.

• We can get an improvement over 
order MCMC when using explicit 
prior knowledge.



Thank you!

Any questions?



Ergodicity

• The new move is reversible but …
• … not irreducible

A B

BA

BA

•Theorem: A mixture with an ergodic transition kernel
gives an ergodic Markov chain.

•REV-MCMC: at each step randomly switch between a 
conventional structure MCMC step and the proposed new 
move.


	Learning Bayesian networks with improved MCMC schemes
	Devise a modified move        that is reversible
	Mathematical Challenge:
	Results
	Analytical comparison of the convergence properties
	Analytical comparison of the convergence properties
	Results
	Empirical comparison of the convergence and mixing properties
	Results
	Evaluation of the systematic bias using standard benchmark data
	Results
	Raf signalling pathway
	DataPrior knowledge
	DataPrior knowledge
	Thank you!
	Ergodicity

