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Learning Bayesian networks

Data are sparse — Intrinsic uncertainty of inference

P(M|D) P(MID)

M* M‘l’

Large data set D: Small data set D:
Best network structure M* well defined Intrinsic uncertainty about M*

P(M|D) =P(D|M) P(M)/ Z

M: Network structure. D: Data



MCMC in structure space
Madigan & York (1995), Guidici & Castello (2003)
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Markov chain Monte Carlo (MCMC)
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Alternative paradigm: order MCMC
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Exploiting the modularity of Bayesian networks
P(G|D) e P(D| G)P(G) = | | score(X;,Pag(X;) | D)

°
score(X;, U | D)

G G (Pag(X) D, ) Suvew, . score(X;, U | D)
e
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P(A,B,C,D,E,F)
=P(A)-P(B|A)-P(C|A)-P(D|B,C)-P(E|D)-P(F|C,D)



Possible structures
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Possible structures

Order contraint

T

Parents have to

= be “upstream”
Q" Ag in the order.



Alternative paradigm: order MCMC

P(G | D)= P(D| G)P(G) = | | score(X;,Pac(X;) | D)

score(X;, U | D)

P(Pag(X;) =U
(Pag(X;) Sweq,. score(X;, U | D)

D,<) =

Ui ={U : U<X;,|U| <k}

where U <X is defined to hold when all nodes in U precede X; in <
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We first consider the problem of computing the probability of the data given
the order:
P(D|<)= Y P(G|<)P(D|G) (7)

GEGr

Given our constraint on the size of the family, the possible parent sets for the

node X; 1S
U<={U: U<XX,|U| <k}

where U < X; 1s defined to hold when all nodes in U precede X; in <. Let Gy <
be the set of structures 1n Gj consistent with <. Using Eq. (5), we have that

P(D|<) = Y []]score(X;,Pag(X;) | D)

GEGr< 1

Il > score(X;,U|D). (8)
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Instead of
MCMC in structure space
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MCMC in order space
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MCMC method

(I| ...fj...ff{...i”) |_> (f| ...ff{...ij...i;g)

[t remains only to discuss the construction of the Markov chain. We use a
standard Metropolis algorithm (Metropolis et al., 1953). We need to guarantee
two things:

— that the chain is reversible, i.e., that P(< +— <') = P(<' + <):

— that the stationary distribution of the chain is the desired posterior dis-
tribution P(<| D).

We accomplish this goal using a standard Metropolis sampling. For each
order <, we define a proposal probability q(<'|<), which defines the proba-
bility that the algorithm will “propose” a move from < to <’. The algorithm
then accepts this move with probability

min [1 P(_{f‘ D)Q({HI)
" P(<|D)q(<"|=)
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Problem:
Distortion of the prior distribution

We introduce a uniform prior over orders <, and define P(G |<) to be of
the same nature as the priors we used in the previous section. It is important
to note that the resulting prior over structures has a difterent form than our
original prior over structures. For example, if we define P(G |<) to be uni-
form, we have that P(G) is not uniform: graphs that are consistent with more
orders are more likely. For example, a Naive Bayes graph is consistent with
(n —1)! orders, whereas any chain-structured graph is consistent with only

one. As one consequence, our induced structure distribution 1s not hypothesis
equivalent (Heckerman et al., 1995), in that different network structures that

are in the same equivalence class often have different priors. For example, the
chain X — Y — Z 1s associated with a unique order, whereas the equivalent

structure X <+ Y — Z 1s associated with two orders, and is therefore twice as
likely a priori.
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Proposed new paradigm

« MCMC in structure space rather than
order space.

* Design new proposal moves that achieve
faster mixing and convergence.
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Propose new parents from the distribution:

score(X;, U | D)
2[;;% score(X;, U’ | D)

P(Pag(X;) =U| D,>< _

‘ldentify those new parents that are involved
In the formation of directed cycles.

*Orphan them, and sample new parents for
them subject to the acyclicity constraint.



1) Select a node 2) Sample new parents 3) Find directed cycles

4) Orphan “loopy” parents 5) Sample new parents for these parents



Path via illegal structure

&

Problem: This move is not reversible



Devise a modified move
that I1s reversible

|ldentify a pair of nodes X—Y
*Orphan both nodes.

«Sample new parents from the “Boltzmann
distribution” subject to the acyclicity —— c1
constraint such the inverse edge —— -
Y —X Is included.

score(X;, U | D)
P(P i)=U|D =
16(% | ><)/ > wreary score(X;, U’ | D)

C1,




1) Select an edge

2) Orphan the nodes involved 3) Constrained resampling of the parents



A B I
L L
? @ ol
© ., | ®, | ©
® ® e 666 ®

This move Is reversible!




1) Select an edge

2) Orphan the nodes involved 3) Constrained resampling of the parents



Mathematical Challenge:

« Show that condition of detailed
balance is satisfied.

* Derive the Hastings factor ...

e ... which is a function of various
partition functions



Acceptance probability

A" (M|M) =min < 1, =

. Nt Z*(X,
Nt Z*(X,

Mo, Xi) Z(X;|\Mg)

Z(Xp|M) = Z exp (V| X,, 7| D))

7 d(MXn—m)=1

7 (Xp M, X)) = Z exp (V[ Xy, 7| D))
T §(MXn—T) =1
,an Em

N1 is the number of edges in M

NT1s the number of edges in M
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Evaluation

 Does the new method avoid the bias
intrinsic to order MCMC?

 How do convergence and mixing

compare to structure and order
MCMC?

* What is the effect on the network
reconstruction accuracy?



Results

* Analytical comparison of the
convergence properties

* Empirical comparison of the
convergence properties

» Evaluation of the systematic bias

* Molecular regulatory network
reconstruction with prior knowledge



Analytical comparison of the
convergence properties

* Generate data from a noisy XOR
 Enumerate all 3-node networks
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Analytical comparison of the
convergence properties

Generate data from a noisy XOR
Enumerate all 3-node networks
Compute the posterior distribution p°

Compute the Markov transition matrix A
for the different MCMC methods

Compute the Markov chain p(t+1)= A p(t)

Compute the (symmetrized) KL
divergence KL(t)= <p(t), p°>



Solid line: REV-MCMC. Other lines: structure MCMC
and different versions of inclusion-driven MCMC

2.5 T
[ EMNR (HL—0005)
e - - - -ERR%L—=0.0008]
--——EWRpL-0Ox0 | e EMCR {HL—0L0Z7 T,
o3 -—-—ERCR (HL—-0.0031)
== ENCR(SL—0.05) N sTacure (KL~} ar
B .t - structuss (KL—0}
ozEp ———-shudiure (8L -0} 1 —— REW (ML—0 kL
' % ——REV (FL—0}
E — 5 v 15~ 5
£ 1 — REV KL} : 1 .
e 24 ] 3 5
B i % EES
¥ = " a
8 RE E " 2
2 4 a
[ N
. . 13-
[ S i
L L L \-\""—\—n L L . Tttt g amemsenna o —
= 2] T =0 Ex 00 [¥] 0 3 a By Ed a = =0 100 10 20 = =n] T &l 1 o
Farations haraticns FErations
(a) N=4 (b) N=100 (c) N=10000
e 25
- - - - BNR [HL—0000E)
- - - - ENRLKL—0/33) ———- RCARNR {KL—C.0E) ach
xR — = e EMICR (KL —0.00E
......... ENCR (EL—+0.08) ke —-— RCARR (FL—0.027) 4k,
T, T sinacune (L)
Lo N struciurs (KL 0 1 — siruciur= (KL} 3z
s ) —— REV LD}
— REV KL= LR —— REV KL=01 -
15k L
2o - B IR g
B ] L §ag
: £ N 3
o
g = o 1k l'-\.‘ ., = I
y
R 15t ]
B / -l T /
¥ LE
e 5 . . . . . . . 1 “H“'hu.-__ | | L | |
] S0 T -] =0 R [vh] ] e e 41 =0 el i | Bl E o] I'-“: 20 ] B kit [ D] i
Heradors"nil Herabions"ml FPerations"ril}

(d) N=4, adjusted

(e) N=100, adjusted

(f) N=10000, adjusted



Results

* Analytical comparison of the
convergence properties

 Empirical comparison of the
convergence properties

» Evaluation of the systematic bias

* Molecular regulatory network
reconstruction with prior knowledge



Empirical comparison of the
convergence and mixing properties

Standard benchmark data:

Alarm network (Beinlich et al. 1989) for
monitoring patients in intensive care

37 nodes, 46 directed edges
Generate data sets of different size
Compare the three MCMC ey

algorithms under the same
computational costs

- structure MCMC (1.0E6)
- order MCMC (1.0E5)
-2 REV-MCMC (1.0E5)




MCMC simulation 1 MCMC simulation 2

MCMC 1 MCMC 1 MCMC 1

T infinite T too short T long enough
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Structure MCMC

Order MCMC
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(d) Strueture m=>500

(e) REV m=500

(f) Order m=500

I ::E' .;; ST : i : : : : 1 [ : - : : :
CF a] ] Cg Eﬂ]’ D?
o ov g
0ap ] 4 DEF [w] N
=} v} vl o a l{?g
2w o
o oo
a5 oo { oef d o=t &
o ° Qﬁ'
Qa 9g © ©
04 1 o4 1 o4t O
o o @
Y% %o ga &
=]
ozt G{J o, o Ca ozt % d oz UOE?
B 8 5
0 ol m&r@@aﬂmﬂ o®q] ¢ . . . . B tf
1] 0.2 0.4 D.E 0.8 1 D.2 0.4 0a 0.8 1 ] :|:2 :I:i :I:E I::B
(a) Structure m==250 (b) REV m=250 (¢) Order m=250
I C $® [ y &
i £ 2
& o
naf 5 %o { oEef [t { oszf &
o . o
B
o o
05 o 1 o g { oef a
8 & ol
&
g o
o2 ) __G 1 oalb [a 3R] 4 oal 8 Q
e o i
o [a¥s)
.:I}.'0 o [l ogﬂ 4 ozt .
o‘:’cp o
e oo v | P
o ']:2 El:-l- [:E :IE 1 E:E :I— ':II'E Ellﬁ 1I o :I:! :I:i :I:E I::B :



0.af

02k

o0&k

a2k

| & 'ﬂ o o ' . 1
) e N B&
o
@ o0& q osf
D
g, {1 DER @ i - osf
o a ; &
1 o4f 7 eap
» o {0z oz
_X .
o
o B al o ‘g E‘ e
1] 0.z 0.4 0.6 0.8 i 0 b.2 04 [1)4] 0.5 1 ] :Ij: :Iji :IjE |:j5
(g) Structure m=750 (h) REV m=750 (1) Order m=750
P ' ' "o ] ' ' ' ' E@ . ' ' ' T
&o 5 S0
1 0EF 1 oEf
{ o&f 1 osf
1 04fF 1 odf
: {0z oz
¥ ¢ ”
o @ D o
1] ']:2 I:l:-l- E:E : 0 E:: Zli ':II'S I:l:ﬁ 1 ] :I:J :I:i :I:E I::B

(j) Structure m=1000

(k) REV m=1000

(1) Order m=1000



What are the implications for
network reconstruction ?

ROC curves
Area under the ROC curve
(AUROC)

True positives
o
o

Randomipredicior . Perfect predictor Realistic predictor
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Results

* Analytical comparison of the
convergence properties

* Empirical comparison of the
convergence properties

 Evaluation of the systematic bias

* Molecular regulatory network
reconstruction with prior knowledge



Evaluation of the systematic bias

using standard

benchmark data

Standard machine learning benchmark
data: FLARE and VOTE

Restriction to 5 nodes - complete

enumeration possib
The true posterior

€ (~ 1.0E4 structures)

orobabilities of edge

features can be computed

Compute the difference between the true
scores and those obtained with MCMC



Deviations between true and estimated directed edge feature posterior probabilities
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Deviations between true and estimated directed edge feature posterior probabilities
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Results

* Analytical comparison of the
convergence properties

* Empirical comparison of the
convergence properties

» Evaluation of the systematic bias

 Molecular regulatory network
reconstruction with prior
knowledge



Raf regulatory network

1. «-CD3
2. «-CD28
3. ICAM-2
4. PMA

5. p2cAMP

Inhibitors
6. G06976
7. AKT inh

|MEK4/7 IMEK3/6

9.U0126

8. Psitect L\ lj
9 10. L‘rmm/ @5 1.23_3 From Sachs et al Science 2005




Raf signalling pathway

 Cellular signalling network of 11
phosphorylated proteins and
phospholipids In human immune
systems cell

* Deregulation - carcinogenesis

» Extensively studied in the literature
-> gold standard network



Data
Prior knowledge



Flow cytometry data

y : : 3. Correlated phospho- Causal Protein-Signaling
- 2. Multiparameter | measures per cell Networks Derived from
~ Flow Cytometry o Multiparameter Single-Cell Data
a4 iy Karen Sachs,’ Omar Perez,?* Dana Pe'er,>*
éﬁgqf*a?ﬂﬁdﬁ!‘? dﬁw&ﬁ- q\g‘?‘ ~a Douglas A. Lauffenburger,’i Garry P. Nolan®{
Da.Balanlln « Intracellular multicolour flow
cytometry experiments:
‘L'J—Llu ll ala concentrations of 11
proteins

5400 cells have been

0 I [| i | I measured under 9 different

cellular conditions (cues)

Daclallssnn - Downsampling to 10 & 100

instances (5 separate
subsets): indicative of
microarray experiments

Relat_ive amounts




Data
Prior knowledge



Deviation between the network G
and the prior knowledge B: Graph: ¢ {0.1}
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Prior knowledge

Sachs et al.
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AURQOC scores
}

0.8
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0.4
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" TRUE (e=0.1) TRUE (e=0.4) TRUE (e=0.45)

White: structure MCMC. Black: order MCNMC. Grey: REV-structure



Conclusions

* The new method avoids the bias
iIntrinsic to order MCMC.

* [ts convergence and mixing are
similar to order MCMC,; both
methods outperform structure MCMC.

* We can get an improvement over
order MCMC when using explicit
prior knowledge.



Thank you!
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Any questions?



Ergodicity

* The new move is reversible but ...
e ...notirreducible

(AW—0()
(W) (&)

*Theorem: A mixture with an ergodic transition kernel
gives an ergodic Markov chain.

@

‘REV-MCMC: at each step randomly switch between a
conventional structure MCMC step and the proposed new
move.
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