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Two priors for changepoints

Prior for the number of changepoints, 7(m), and a

conditional prior on their positions: 7(7;|7j+1,m)



Two priors for changepoints

Prior for the number of changepoints, w(m), and a

conditional prior on their positions: 7(7;|7j+1,m)

Point process prior

QD(IL-) Probability for the first changepoint

g(l‘-) Probability for the time between two successive changepoints

t
G(t) = Zg(q) Distribution function for the distance between two
- ' successive changepoints
|

The probability of m changepoints occuring at 7y, ..., Ty 18

m
go(T1) (n 8(tj — le]) (1 = G(tug1 — )
j=2



Frobability
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Negative binomial distribution

g(t) =

MNegative Binomial PDF (p = 0.5)
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Megative Binomial Distribution (r= 20)
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Definitions

P(t,s) = Pr(y;s|t, s in the same segment)

X
. Assumes parameters can be
o f]_[ f(3il€)m (6)do. integrated out in closed form
i=t

Prior
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Q(t) = Pr(y;.,|changepoint at r — 1)




Recursion

n—-1

O(t) = Z P(t,s)O(s + Dg(s + 1 — 1)
s=t

+P(t,n)(1 — G(n — 1)),

Proof

For notational convenience we drop the explicit condition-
ing on a changepoint at f — 1 in the following. Thus,

Q@) = Pr(}"r:ﬂ)

n—1
= Z Pr(yi.,, next changepoint at s) @OOOOEDOOOOE)
y=f
+ Pr(y;.,, no further changepoints). 0000@000000000000




Pr(y;.,, next changepoint at s)
= Pr(next changepoint at s)

Pr(vs.s, vsi1:n|next changepoint at s)



Pr(y;.,, next changepoint at s)
= Pr(next changepoint at s)
Pr(y;.s, Vs11:2next changepoint at s)
= g(s + 1 — 1) Pr(v;¢|f, s In same segment)
Pr(ys41:nlchangepoint at )

=g(s+1—1)P(t, )+ 1)
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Pr(v;.,, next changepoint at s)
= Pr(next changepoint at s)
Pr(y;.s, Vs11:2next changepoint at s)
= g(s + 1 — 1) Pr(v;¢|f, s In same segment)
Pr(ys41:nlchangepoint at )

=g(s+1—1)P(t,s)Q0(s + 1)
OO S

Pr(v;.,, no further changepoints) = P(t, n)

(1 = Gpo(n —1))




Reminder ...

P(t,s) = Pr(y;s|t, s in the same segment)

X
. Assumes parameters can be
o f]_[ f(3il€)m (6)do. integrated out in closed form
i=t

Prior

OOOCOEOOOOE00000®

Q(t) = Pr(y;.,|changepoint at r — 1)




Giventhe valuesof Q(f)fort =1, ..., nitisstraightforward
to simulate from the posterior distribution of the change-
points as follows.

The posterior distribution of the first changepoint is given
by

Pr(t |Tl:n) — Pr(}‘l:ns 4 ]/ Pr(?"]:ﬂ’]
= Pr(t) Pr(vi.r, |T1) Pr(ve, 41| T )/Q(”




Giventhe valuesof Q(f)fort =1, ..., nitisstraightforward
to simulate from the posterior distribution of the change-
points as follows.

The posterior distribution of the first changepoint is given
by

Pr(t |Tl:n) — Pr(}‘l:ns 4 ]/ Pr(?"]:ﬂ’]
= Pr(t)) Pr(vi.r, |71) Pr(ve, 41| T )/Q(”
= P(1, 7)) Q(7; + Dgo(t1)/Q(1),

forty = 1,...,n — 1. The probability of no further change-
point being P(1,n)(1 — Gy(n — 1))/ Q(1).




Similarly the posterior distribution of the 7; given 7;_; is

Pl’('ﬂj|?ﬁj_|, ,Tl:n] — P(Ij—] + 1, Ij]Q(Ij —+ 1)
X g(t; —1;-1)/ Q(Tj—1 + 1),

for 7; =7,y +1,....n—1, and the probability of no

further breakpoint is P(z;—; + 1, n)(1 — Go(n — ;- —
1)/O(tj—1 + 1).




P'?'(Tj |Tj—1* yl:n) — PT(Tjr Tj—1- yl:n)/P'f'{Tj—li yl:ﬂ)
Pr(yin|rj, Tj—1) Pr(7j|Tj—1)Pr(7j-1) /Pr(y1:n|Tj—1) Pr(Tj=1)
— P'f'(yl:ﬂh_j-Tj—l)PT'(Tj|Tj—1)//P'r('yl:nh_j—l)




P'?'(Tjh_j—l*yl:n) — PT(TjrTj—lryl:n)/Pr{Tj—liyl:ﬂ)
= Pr(ytnlry. 75-1)Pr(mjls-1) Pr(z;

= Pr(ytnl|tj, 7j=1)Pr(m;|7j-1)

P-r(-y1;n|’rj—1)P'?'{Tj—l)

P?'(yl:nh_j—l) — P'r(yl:Tj—l|Tj_1)P?.(y"rj—1+1:n|?_j_1)
— P(l.Tj_l)Q(Tj—l + 1)



P'?'(Tjh_j—l*yl:n) — PT(TjrTj—lryl:n)/Pr{Tj—liyl:ﬂ)
1) Pr(7j|mj—1)Pr(7j-1)/ Pr(y1:n|Tj—1)Pr(1j-1)

i) )

'f'(Tj |Tj—1)/P'r(yl:nh_j—l)

Pr(yl:nh_jr'rj—l) — P"r'(yl:‘rj—l |Tj'—1)Pr('yTj—1+1:Tj|TJ'_1-'Tj)PT(yTj"‘l:ﬂhj)
— P(l.’rj_ﬂP(Tj_l + ]--Tj)Q(Tj + 1)

P?'(yl:nh_j—l) — P'r(yl:Tj—l|Tj_1)P?.(y"rj—1+1:n|?_j_1)
— P(l.Tj_l)Q(Tj—l + 1)



P'?'(Tjh_j—l*yl:n) — PT(TjrTj—lryl:n)/Pr{Tj—liyl:ﬂ)
Pr(ytn|mj—1)Pr(7mj-1)

Pr(tjltj—t,y1:n) = P(rj—1+1,7)Q(1; + 1)Pr(rj|m-1)/Q(1j—1 + 1)
= P(Tj—l + ]"Tj)Q(Tj + 1).‘?(Tj — Tj—l)/Q(Tj—l + 1)

Pr(yl:nh_jr'rj—l) — P"r'(yl:‘rj—l |Tj—1)Pr(yTj—1+1:Tj|Tj_1-‘ Tj)PT(yTj"‘lmhj)
:M(Tj_l —+ 1.Tj)Q(Tj + 1)

P?'(yl:nh_j—l) — P'r(yl:Tj—l|Tj_1)P?.(y"rj—1+1:n|?_j_1)



Similarly the posterior distribution of the 7; given 7;_; is

Pl’('ﬂj|?ﬁj_|, ,Tl:n] — P(Ij—] + 1, Ij]Q(Ij —+ 1)
X g(t; —1;-1)/ Q(Tj—1 + 1),

for 7; =7,y +1,....n—1, and the probability of no

further breakpoint is P(z;—; + 1, n)(1 — Go(n — ;- —
1)/O(tj—1 + 1).




Summary

Definition

Q(t) = Pr(v.,|changepoint at r — 1)

Recursion
n—1

o) = Z P(t,s)O(s + De(s +1—1)
s=I

+P(t,n)(l — G(n — 1)),

Sampling of changepoints
Pr(zi|tj—1, y1a) =

P(rj-_] + 1, Ij)Q(TJ + 1)
X g(tj —tj—1)/O(tj—1 + 1),



Point process prior

Definition

Q(t) = Pr(v.,|changepoint at r — 1)

Recursion

n—l1
Q@) =) P(t.5)0(s + 1)gls + 1 —1)

§=I

+P(t, n)(1 — G(n —1)),

Sampling of changepoints
Pl‘(rjhj—] s Vin) =

P(TJ'_[ + l, TJ)Q(TJ + 1)
X g(tj —tj—1)/O(tj—1 + 1),

Prior for the number of changepoints,
and a conditional prior on their positions

Definition

erf’”(r) = Pr(yin|t; =t — 1, m changepoints)

Recursion

QuI(t) = P(t, m)mm(tm =1 — 1)
Forj=1,...,m—1

n—m+j

oMwy= > Pu,5HOT s+ 1)
=t

X J'Tm('fj S S l|1’j_|_[ = ¥)

Sampling of changepoints

PI‘(TJ'|1'J;—] , Vi, M) =
P(Tj—l + 1, Tj)Q}mj(Tj + 1)

X T (Tj—1 |Tj)/Q{ﬁ}l(Tj—1 + 1)
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