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Abstract. Synthetic aperture radar (SAR) images are notoriously di�-
cult to interpret. Segmentation is simpli�ed if a digital map is available,
to which the image can be registered. Also, registration is simpli�ed if a
digital elevation model (DEM) is available. In this paper it is shown that,
if a DEM is unavailable, it can be estimated by minimising an energy
functional consisting of a measure of agreement between the SAR image
and a digital map together with a thin-plate bending-energy term. A
computationally-e�cient, �nite-element algorithm is proposed to solve
the optimisation problem. The method is applied to automatically align
an airborne SAR image with a digital map of �eld boundaries, producing
an image which is simultaneously registered and segmented.

1 Introduction

Synthetic aperture radar (SAR) is an active remote-sensing system: microwave
radiation is beamed down to the earth's surface from a plane or satellite, a sensor
detects the re
ected signal, and from this an image is constructed. SAR images
are notoriously di�cult to interpret, even by eye. For example, Fig 1 shows
a log-transformed SAR image of an area near Feltwell, England. A pattern of
�elds can be discerned, and there is a waterway in the top-right of the image. The
small, bright features in the top-right, bottom-left and bottom-right of the image
are the result of farm buildings acting as corner re
ectors to the radar. Many
ambiguities remain in the image, such as the positions of some �eld boundaries.

Pixel values in SAR images are highly variable, a phenomenon termed speckle,
which makes it desirable to segment the images into homogeneous regions as a
�rst step in their interpretation. Segmentation is often performed manually, an
approach which is both tedious and subjective. Glasbey and Horgan [17] used
Fig 1 to explore several generic methods for automatic image segmentation, in-
cluding iterated conditioned modes (ICM) classi�cation [4], thresholding com-
bined with post-classi�cation smoothing by majority �lter [30] and Horowitz
and Pavlidis's [22] split-and-merge algorithm. These methods were able to dis-
tinguish between light and dark �elds, but did little more. For other attempts
to segment SAR images, see [1, 28], and see [13] for criteria for success.

Domain-speci�c knowledge, such as constraining boundaries to be straight,
and techniques such as the Hough transform [27] and the �tting of snakes [25],
could be used to improve the segmentation. However, SAR images are not usu-
ally analysed in isolation: a more speci�c form of domain knowledge is often



Fig. 1. Log-transformed C-band, HH-polarization, SAR image, obtained by plane
in August 1989 during Maestro-1 campaign (Joint Research Centre, Ispra, report
IRSA/MWT/4.90).

available in the form of either a digital map or other remotely sensed images.
For example, Fig 2 shows a line drawing of �eld, road and other boundaries for
a region approximately corresponding to, but slightly larger than, that imaged
by the SAR sensor. By registering the SAR image with this digital map, as a
by-product the image is automatically segmented.

Registration of SAR images is important in its own right, irrespective of
whether or not we also wish to segment the images, because outputs from SAR
interpretation cannot be put to practical use unless their geographical locations
are known. SAR image registration is often performed manually (for example,
see [12, 14, 36, 11]). Li [29] reviewed automatic methods, distinguishing between



Fig. 2. Digital line drawing of �eld, road, and other boundaries for approximately the
same region as Fig 1, extracted from a map of an area to the north of the village of
Feltwell in East Anglia.

area- and feature-based ones. The former approach typically involves maximising
correlations between small windows in two images, whereas in the latter approach
contours or distinctive features are matched between images. Caves et al [10]
used linear �lters, whereas Kher and Mitra [26] used morphological methods,
to locate features in SAR images. Li [29] extracted contours from an optical,
remotely-sensed image, and then used elastic warping methods to align them
with a SAR image.

Warping is common to many image analysis problems: it may be needed to
remove optical distortions introduced by a camera or viewing perspective, to
register an image with a reference grid, or to align two or more images. There
is a potential con
ict between insisting the distortion is smooth and achieving a
good match. This can be resolved by an appropriate choice of energy functional.
Smoothness can be ensured by assuming a parametric form for the warp, such
as a bilinear transformation, or by insisting that the warp satis�es partial di�er-
ential equations such as Navier's equilibrium equations for elastic bodies [3]. De-
pendent on the application, matching might be speci�ed by points to be brought
into alignment [6], by local measures of correlation between images, or by the



coincidence of edges [9].
Digital elevation models (DEMs), when available, greatly simplify SAR image

registration, because the warping can be constrained to be a projective trans-
formation of the DEM [16, 21, 24, 34]. In this paper we show that, if a DEM is
unavailable, it can be estimated by minimising an energy functional. This ap-
proach is distinct from previous attempts to estimate DEMs using either stereo
SAR [15, 33] or interferometric SAR [31]. In x 2, we assume that the ground
being imaged is planar, and apply an a�ne transformation to register the SAR
image to the digital map. Then, in x 3 we generalise this approach, by estimating
a DEM using a thin-plate spline, to improve the registration. Finally, in x 4 the
approach is critically discussed and areas of further work are identi�ed.

2 A�ne Transformation

We seek a transformation which maps a position (u; v) on the digital map, where
u denotes row number and v denotes column number, to (x; y) in the SAR
image. The appropriate transformation is a projection. This simpli�es to an
a�ne transformation if the ground being imaged can be assumed to be planar
and the viewing position is su�ciently distant that foreshortening e�ects can be
ignored. Mathematically, based on Euler's angles [23], we have:

x = � + u
 cos � + v
 sin� sin �

y = � + u
 sin � sin + v
(cos � cos � sin� cos � sin );

involving six unknown parameters (�; �; 
; �; �;  ). This is the most general lin-
ear transformation, permitting translation, rotation, di�erent stretching along
rows and columns, and shearing. One characterisation is that there is an or-
thogonal pair of directions in the u-v image which are also orthogonal in the
x-y image, and the transformation either stretches or shrinks in these two di-
rections [5]. The inverse transformation (u; v)  (x; y) has the same functional
form. Therefore, the transformation is guaranteed to be bijective, i.e. it is im-
possible for folding to occur where two points in the u-v image map to the same
point in the x-y image. The a�ne transformation can be generalised by using a
perspective transformation, or by including higher-order polynomials of u and
v. See [7, 8, 35] for reviews of geometric transformations.

In order to choose the parameters in the transformation, a measure of agree-
ment between the SAR image and the digital map is required [29]. As a �rst step,
we applied an edge �lter to the SAR image. Because of the low signal-to-noise
ratio it was desirable to use a large window for the �lter. Most edges appear to
be step edges, therefore a template matching approach was taken, with the �lter
output de�ned to be



gx;y = max
0�!<�
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(x0;y0)2S!

fx+x0;y+y0 �
X

(x0;y0)2S!+�

fx+x0;y+y0

������ ;
for x; y = 1 : : :n. Here fx;y denotes the log-transformed SAR value at (x; y), and
S! is a semi-circular set of pixel locations speci�ed by

S! = f(x; y) : 0 < x2 + y2 � r2 ; ! � tan�1 y=x < ! + � (mod 2�)g;

with tan�1 assumed to produce output over the range 0 to 2� (using, for exam-
ple, the function ATAN2 in Fortran77). Fig 3 illustrates the �lter, showing pixels
with positive and negative weights, for a window of radius r = 4:5 pixels and a
particular choice of !. This size of window appeared to be most e�ective in locat-
ing edges in the SAR image. For e�cient computation, at each (x; y)-location,
output can be computed recursively as ! is increased. Fig 4 shows the result of
applying the edge �lter to Fig 1. Output has been scaled so the largest values
appear black and zero values appear white.

Fig. 3. An illustration of the edge �lter: pixels with positive and negative weights are
shown, for a window of radius r = 4:5 pixels, and a particular choice of ! corresponding
to an edge shown by the grey line.

The measure of agreement between Fig 4 and a warped version of Fig 2 was
de�ned by the energy functional:

E =
1

NS

X
(u;v)2S

(�g � gx;y) ;



Fig. 4. Result of applying edge �lter to Fig 1.

where S = f(u; v) : Mu;v = 1 ; 1 � x; y � ng is the set of all black points in
the digital map (indicated by Mu;v = 1) which transform to points (x; y) within
the region of Fig 4, NS denotes the number of points in S (which will depend
on the parameters in the a�ne transformation) and �g is the mean pixel value
in Fig 4. Thus, the energy functional is an inner product between Figs 2 and 4,
after mean correction.

The matching problem becomes one of �nding the values of the a�ne param-
eters which minimise E. Unfortunately, the function to be minimised has many
local minima. Therefore, it is necessary to conduct a grid search to determine
good starting values for the parameters, before using an iterative optimisation
algorithm to locate the minimum. We proceeded in two stages:

1. Initially we limited ourselves to a four-parameter family of rectangular trans-
formations, by setting � =  = 0. E was evaluated for a range of values
of the parameters, and the best value was used as a starting value for the
Nelder-Mead simplex algorithm, implemented as NAG routine E04CCF [32].

2. We then considered the six-parameter a�ne transformation, starting the
Nelder-Mead algorithm from the best �tting rectangular transformation.

Fig 5 shows the �nal result: the outline of the map boundaries is displayed rather
than the boundaries themselves, in order to show the alignment more clearly.
Agreement appears to be close between the edges in the SAR image and the map,
except that a few �eld boundaries are absent from the map. Detailed examination



also reveals some places where the boundaries are slightly displaced, for example
at the bottom-centre and bottom-right of Fig 5, suggesting that the assumption
of level ground is not quite appropriate. Therefore, in x 3 we generalise the
approach to include estimation of a DEM is the registration procedure.

Fig. 5. Map aligned with edge-�ltered SAR image using an a�ne transformation (the
outline of the map boundaries is displayed rather than the boundaries themselves).

3 Thin-plate Spline DEM

Parametric transformations do not perform well in the presence of local dis-
tortions. Splines o�er one alternative, either piecewise linear [18] or cubic [19].
Equating warping with the distortions achievable on an elastic sheet is one way
of introducing smoothness constraints. Bajcsy and Kovacic [3] invoked Navier's
equilibrium equations for elastic bodies, which they insisted on being satis�ed
at all points except those where a match between images had been identi�ed.
Solution requires the use of �nite element methods. Burr [9] used sums of Gaus-
sian weight functions to interpolate between matched points, justifying them
as an elastic Green's function in an appropriate medium. Tang and Suen [35]
found transformations which minimised a harmonic function. Again �nite ele-
ment methods are required. Note that Kass et al [25] used similar methods to
constrain snakes to be smooth.



Another approach is to regard a warping as two two-dimensional surfaces,
corresponding to x as a function of u and v, and similarly y as a function of u
and v. Arad et al [2] used a sum of radial basis functions plus a�ne transforms
to represent the x-transformation:

x =
mX
i=1

�i F
�p

(u� ui)2 + (v � vi)2
�
+ �0 + �1u+ �2v;

where (u1; v1) : : : (um; vm) are a set of m labelled points and F is a radial basis
function, and similarly for the y-transformation.Many choices of F correspond to
the minimisation of some energy functional. In particular, the thin-plate spline,
F (z) = z2 log z, leads to a surface which minimises

mX
i=1

fxi � x(ui; vi)g
2 + �J(x);

with respect to the function x, where the m labelled points are warped to x-
coordinates x1 : : : xm,

J(x) =

Z Z 1

�1

(�
@2x

@u2

�2

+ 2

�
@2x

@u@v

�2

+

�
@2x

@v2

�2)
du dv

denotes the bending energy of a thin plate and � is a non-negative constant which
controls the smoothness of the warping. Larger values of � produce smoother re-
sults, but with poorer alignment of the labelled points. Coe�cients �1 : : : �m,�0,�1
and �2 can be obtained as the solution of (m + 3) simultaneous linear equa-
tions [20].

Pairs of thin-plate splines have no physical interpretation in the context of
image warping; there use is entirely ad hoc. However, in applications such as ours,
which consists of a projective view of a surface, a single thin-plate spline can be
used with physical motivation, although it will not permit any step changes in
elevation. We assume that the elevation hu;v at map location (u; v) is speci�ed
by a thin-plate spline. The energy functional from x 2 is generalised to include
a bending energy term:

E =
1

NS

X
(u;v)2S

(�g � gx;y) + �J(h);

and the projective transformation [23] generalises the a�ne transformation:

x = � + u
 cos � + v
 sin� sin � + hu;v
 cos � sin �

y = � + u
 sin � sin + v
(cos � cos � sin� cos � sin )
� hu;v
(sin � cos + cos� cos � sin ):

This problem lacks an analytic solution, but can be solved numerically using
�nite element methods. We divide the map into a (p + 1) by (p + 1) grid, and
specify the elevations of the (p+ 1)2 points

(k�u; l�v) for k; l = 0; : : : ; p;



by Hk;l, where �u = nu=p, �v = nv=m and the digital map is nu � nv pixels in
size. Then we use bilinear interpolation for the elevation of intermediate points.
If

k�u � u � (k + 1)�u and l�v � v � (l + 1)�v;

then

hu;v = Hk;l + (Hk+1;l �Hk;l)

�
u

�u

� k

�
+ (Hk;l+1 �Hk;l)

�
v

�v

� l

�

+(Hk+1;l+1 �Hk+1;l �Hk;l+1 +Hk;l)

�
u

�u

� k

��
v

�v

� l

�
:

It follows from the projective transformation that x and y are also piecewise
bilinear. J(h) can be approximated, to within a scaling term, by

Pp�1
k=1

Pp

l=0

�
Hk+1;l+Hk�1;l�2Hk;l

�2
u

�2

+2
Pp�1

k=0

Pp�1
l=0

�
Hk+1;l+1+Hk;l�Hk;l+1�Hk+1;l

�u�v

�2

+
Pp

k=0

Pp�1
l=1

�
Hk;l+1+Hk;l�1�2Hk;l

�2
v

�2
:

The parameters Hk;l can be estimated to minimise the energy functional. This
was done by perturbing each elevation in turn to minimise E, while keeping the
projective transform parameters �xed at the values estimated in x 2. Note that
the speed of computation can be improved signi�cantly by only computing local
terms in E after each adjustment in Hk;l, and at each iteration only perturbing
elevations one of whose neighbours was changed at the previous iteration. The
optimisation was started with Hk;l set to zero in a 17 � 17 grid and � = 1000,
a value established by trial-and-error to allow su�cient changes in elevation to
align the image with the map, but without producing a very rough DEM. The
elevations estimated by the algorithm are shown in perspective in Fig 6.

Fig 7 shows an outline of the map boundaries aligned with the edge-�ltered
SAR image. The result is very similar to Fig 5 but, in particular, note the im-
proved �t at several positions, including the bottom of the map. The average
strength of the aligned edges is increased by 40%. However, there is some ev-
idence that the warping is too severe in the top-right of the image, where the
waterway has been distorted to align with a bright feature which is probably a
building, and as a consequence the waterway does not appear to be horizontal in
Fig 6. Fig 8 shows the SAR image registered with the digital map, obtained by
inverting the projective transformation. The alignment can be seen to be very
good, and automatically yields an almost complete segmentation of the image.
It is a relatively straightforward task to identify, and further partition, the few
heterogeneous segments.



Fig. 6. Perspective view of map with DEM estimated using a thin-plate spline.



Fig. 7. Map aligned with edge-�ltered SAR image using a thin-plate spline transforma-
tion (the outline of the map boundaries is displayed rather than the boundaries them-
selves).

4 Discussion

We have shown how SAR images can be automatically registered with digitised
maps while yielding, as by-products, segmentations of the images and estimated
DEMs. Much work remains to be done, primarily to validate the method by com-
paring estimated and known DEMs for a range of images. Results also need to be
compared with those from other approaches to SAR registration, such as [10, 29].
However, the new method should perform better because of the physically-based
constraint on the warping.

The method is open to many re�nements, such as the use of other edge �lters,
development of criteria for choosing the smoothing parameter � in the energy
functional, and improvements to the e�ciency and robustness of the optimisation
algorithm. For example, the projective transform parameters could be adjusted
to take account of the estimated DEM. It would also be of interest to use the
method to register SAR and optical, remotely-sensed images.
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Fig. 8. Superposition of aligned SAR image with map.
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