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Abstract

We consider computationally-fast methods for estimating parameters in ARMA pro-

cesses from binary time series data, obtained by thresholding the latent ARMA process.

All methods involve matching estimated and expected autocorrelations of the binary se-

ries. In particular, we focus on the spectral representation of the likelihood of an ARMA
process and derive a restricted form of this likelihood, which uses correlations at only the

�rst few lags. We contrast these methods with an eÆcient but computationally-intensive

Markov chain Monte Carlo (MCMC) method. In a simulation study we show that, for

a range of ARMA processes, the spectral method is more eÆcient than variants of least

squares and much faster than MCMC. We illustrate by �tting an ARMA(2,1) model to a

binary time series of cow feeding data.

Keywords: ARMA process; Censoring; Cow feeding data; MCMC; Simulation; Spectral

likelihood; Tetrachoric correlation.

1 Introduction

Parameter estimation for fully-observed autoregressive moving average (ARMA) processes is
well documented: recursive techniques based on the Kalman �lter and state-space represen-
tation can be used, allowing exact Gaussian likelihoods to be computed eÆciently (see, for
example, L�utkepohl, 1991). However, for censored data, state-space representations do not ex-
ist and alternative methodologies have to be considered. Here we investigate the case of binary
time series data, obtained by applying a threshold to a latent Gaussian process.

Our motivation comes from categorical animal behaviour data, in particular from observations
on cow feeding: Figure 1 shows two days of such data. We postulate the existence of a latent,



Figure 1: Two days of feeder-visit data for one cow | raised values of the signal denote periods
of feeding

Gaussian-distributed, physiological variable, with feeding occurring when this variable exceeds
a threshold. For categorical data, latent variables o�er a more 
exible approach than the use
of either stochastic compartment models or hidden Markov models (MacDonald and Zucchini,
1997), because they simplify the inclusion of diurnal cycles, covariates and multivariate depen-
dencies between animals. Figure 2 shows simulations of such latent and thresholded processes,
in this case an ARMA(2,1) model. Note that we have chosen to use a deterministic link between
the latent and categorical variables (Cox and Snell, 1989); an alternative would have been a
stochastic link such as a logistic response (Keenan, 1982). We will return to this example in
Section 4.

Likelihood expressions are complicated when data are censored, so our approach is to �rst
estimate the autocorrelations of either the observed binary series or the unobserved Gaussian
series, and then explore the use of a range of methods to estimate ARMA parameters by
matching the autocorrelations with their expected values. In particular, we focus on the spectral
representation of the likelihood of a multivariate ARMA process (Whittle, 1953), and derive a
restricted form of this likelihood, which uses correlations at only the �rst few lags and so makes
considerable saving in computing time. We compare this estimator with others, including least
squares, use of a pairwise likelihood, and a fully-eÆcient but computationally-intensive method
using Markov chain Monte Carlo (MCMC) techniques.

In Section 2, we consider the estimation and relationship between the autocorrelations of the
observed and latent processes, derive the spectral likelihood, discuss its restricted form and
outline other methods for estimating parameters in latent ARMA models. Then, in Section 3,
we show simulation results to compare the eÆciencies of these estimators for a range of ARMA
models. In Section 4 we �t an ARMA model to the cow feeding data, and �nally, in Section 5
we discuss results and ideas for further work.
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Figure 2: A simulated ARMA(2,1) series with parameter values as estimated in Section 4. The
threshold level matches that observed. Corresponding feeding events are shown above

2 Parameter estimation

Let Y1; : : : ; Yn denote a stationary Gaussian time series with expected autocorrelation �(G)

l at
time lag l, and let X1; : : : ; Xn denote a binary time series with

Xt =

(
0 if Yt � T
1 otherwise

for some threshold T . The expected autocorrelation of Xt at lag l, denoted �(B)

l , is related to
�(G)

l as follows:

�(B)

l =
E(XtXt+l)� E(Xt)

2

E(X2
t )� E(Xt)2

=
P(Xt = 1; Xt+l = 1)� P(Xt = 1)2

P(Xt = 1)� P(Xt = 1)2

=
(�T;T (�

(G)

l )� 2�T + 1)� (1� �T )
2

(1� �T )� (1� �T )2

=
�T;T (�

(G)

l )� �2
T

�T � �2
T

: (1)
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Here, �T is the standard normal integral from �1 to T and �T;T is the corresponding integral

for a bivariate distribution with correlation �(G)

l . The threshold can be estimated as T̂ such
that

�T̂ =

n�
nX

i=1

xt

n
;

where we follow the standard convention of denoting random variables by upper case (Xt; Yt)
and realisations by lower case (xt; yt). Equation (1) can also be used to transform from the sam-
ple autocorrelations of the binary time series, denoted �̂(B)

l at lag l, to sample autocorrelations
in the latent Gaussian process, �̂(G)

l , also termed tetrachoric correlations.

We now restrict attention to ARMA processes. The pth order autoregressive qth order moving
average process is speci�ed by

Yt = �1Yt�1 + : : :+ �pYt�p + �t � �1�t�1 � : : :� �q�t�q; t = �1; : : :

where � are independent normal random variables with zero mean and variance set to be such
that Y has unit variance. The expected autocorrelations, �(G)

l , are functionally related to the
parameters �1; : : : ; �p and �1; : : : ; �q, (see, for example, Box et al., 1994, section 3.4).

An ad hoc way to estimate ARMA parameters from these autocorrelations is via least squares,
i.e. �nd the values of the parameters that minimise

n0=2X
l=1

(�̂l � �l)
2

using either binary or Gaussian autocorrelations and some choice of n0. However, sample
autocorrelation coeÆcients at di�erent lags are highly correlated, so this is not necessarily an
eÆcient estimation procedure. An alternative is to transform to independent statistics, for
which the natural choice is by the Fourier transform, as follows.

2.1 Spectral likelihood

Whittle (1953) derived the spectral approximation for the log-likelihood,L, of anm-dimensional
stationary multivariate Gaussian process of length n. It has the form of a set of independent
complex Wishart distributions (Brillinger, 1975),

L = �
1

2

n

2
�1X

k=�n
2

log jSkj �
1

2

n

2
�1X

k=�n
2

trace[Sk
�1Ŝk]: (2)

The limits of the sums here assume that n is even; if n is odd the limits become �(n�1)=2 and
subsequent expressions change accordingly. Sk and Ŝk are, respectively, the m � m complex
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matrices of cross-spectral and cross-periodogram coeÆcients at frequency 2�k=n, so

Ŝk =

n

2
�1X

l=�n
2

�̂(G)

l e�2�ikl=n (3)

with S similarly de�ned in terms of �(G) . For (2) only integer values of k need to be considered,
but (3) also holds for non-integer k, required in the Appendix.

In our application we only consider univariate series, but for full generality here we allow the
series to be multivariate. For rigorous details of the proof of (2), see Coursol and Dacunha-
Castelle (1983). Note that in our application the Gaussian process is latent, so (2) can only be
considered as a quasi-likelihood, and we also consider the same functional expression but with
�(G) replaced by �(B) .

Glasbey et al. (1998) replaced n by n0 in (2), to obtain a restricted likelihood, L0:

L0 = �
n

2n0

n
0

2
�1X

k=�n
0

2

log jS 0kj �
n

2n0

n
0

2
�1X

k=�n
0

2

trace[S 0k
�1

Ŝ 0k]; (4)

where S 0 and Ŝ 0 are obtained as the discrete Fourier transforms of cross-correlations up to lag
n0=2 only, by replacing n by n0 in (3). They showed empirically, using uncensored AR(1) and
ARMA(1,1) models as examples, that maximising L0 is equivalent to maximising L, in that as
long as n0 is suÆciently large, the di�erence between the resulting parameter estimates from
maximisation of L and L0 is negligible. Here, we prove that for short-memory processes such as
ARMA models, L0 � L for suÆciently large n0. In practice n0 � n, which leads to considerable
computational saving. The main conditions needed are that Sk is a continuous function of
k and that �(G)

l and �l are negligible for jlj > n0=2, where �l is the inverse autocorrelation
coeÆcient at lag l, de�ned as

�l =

n

2
�1X

k=�n
2

Sk
�1e2�ikl=n for l = �

n

2
; : : : ;

n

2
� 1; (5)

using a multivariate generalisation of inverse autocorrelations considered by Cleveland (1972)
and Chat�eld (1979). Full details of the proof are given in the Appendix. These conditions
hold for ARMA processes, typically for small values of n0, because autocorrelations and inverse
autocorrelations decay exponentially (Chat�eld, 1979; Box et al., 1994). The rate of conver-
gence, illustrated in Table 1, depends on the rate of decay of � and �. Typically, the likelihoods
in the table are approximated to within �0:0005 of their true value if n0 is such that �l and �l

are of the order 10�4 for l > n0=2.
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AR(1) � = 0:6 MA(1) � = �0:3 ARMA(1,1) (�; �) = (0:9; 0:6)
n0 �n0=2 �n0=2 L

0 �n0=2 �n0=2 L
0 �n0=2 �n0=2 L

0

2 0.60 �0:44 391.119 0.28 �0:30 481.004

4 0.36 0.00 282.468 0.00 0:090 456.386 0.44 �0:11 373.575

10 0:078 0.00 281.388 0.00 �0:0024 458.353 0.32 �0:025 329.603

20 0.0060 0.00 282.237 0.00 < 10�5 458.356 0.19 �0:0019 317.364

50 < 10�5 0.00 282.239 0.00 < 10�13 458.356 0:039 < 10�6 315.662
100 < 10�11 0.00 282.239 0.00 < 10�15 458.356 0.0028 < 10�11 315.770

500 < 10�15 0.00 282.239 0.00 < 10�15 458.356 < 10�11 < 10�15 315.775

1000 < 10�15 0.00 282.239 0.00 < 10�15 458.356 < 10�15 < 10�15 315.775

Table 1: Values of L0 for a range of n0, at true parameter values, averaged over 100 simulated
series of length 1000. The values of correlation (�) and inverse-correlation (�) coeÆcients are
shown for lag n0=2. Where upper bounds are shown, this is for the magnitude only, the sign
being omitted

2.2 Other fast methods

Weighted and generalised least squares are natural methods to consider as improvements over
ordinary least squares. However, analytical forms cannot be derived for the variances and
covariances of the tetrachoric correlation coeÆcients. But, as the tetrachoric correlations are
estimates of the Gaussian autocorrelations, this suggests using the variances of these sample
autocorrelations instead. We therefore consider an n0=2�n0=2 weight matrixW , with elements

Wkl = Cov(�̂k; �̂l) =
1

n

1X
i=�1

�
�i�i+l�k + �i�k�i+l � 2�l�i�i+k � 2�k�i�i+l + 2�2i �k�l

�

(see, for example, Kendall et al., 1983). Then, for weighted least squares we propose to minimise

n0=2X
l=1

1

Wll

(�̂(G)

l � �(G)

l )2; (6)

and for generalised least squares, we minimise

(�̂(G) � �(G))TW�1(�̂(G) � �(G)); (7)

where �̂(G) and �(G) are vectors of length n0=2 containing the sample and expected correlations
up to lag n0=2. Use of (6) or (7) is equivalent to the methods used by Cressie (1985) for
the �tting of variogram models. Due to concerns about the inconsistency of these estimators,
alternative expressions were formed by the inclusion of the associated log-determinant terms,
making the approach a maximum Gaussian likelihood one. Simulations showed the resulting
estimators to be substantially more computationally intensive and no more eÆcient than the
simpler ones and so we present results only for the estimators given directly by (6) and (7).

Applications in spatial statistics have used pairwise likelihood approaches for covariance esti-
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mation (Hjort and Omre, 1994). The quasi-likelihood is formed as the product of all bivariate
probabilities for pairs of observations, (ys; yt), with s < t � s+ n0=2,

Q =
Y 1r

2�(1� �(G)

(t�s)

2
)
exp

2
4�1

2

y2s + y2t � 2�(G)

(t�s)ysyt

1� �(G)

(t�s)

2

3
5 ;

which simpli�es to the minimisation of

n0=2X
l=1

log(1� �(G)

l
2
) + 2

n0=2X
l=1

 
1� �̂(G)

l �(G)

l

1� �(G)

l
2

!
:

2.3 MCMC methods

All the methods above are computationally fast, especially when n0 � n. Here we outline a
much more computer-intensive method using Markov chain Monte Carlo (MCMC), which yields
a fully eÆcient estimator. Gibbs sampling is used to simulate realisations of the latent Gaussian
series consistent with the thresholding dictated by the binary series. For each realisation of the
complete series, estimates of the parameters are obtained by sampling from the likelihood via a
Metropolis-Hasting step. Finally, we average these estimates over a large number of iterations.
Full details of the methodology used are given in Allcroft (2001).

The general methodology is essentially the same for the three types of process being consid-
ered: AR(1), MA(1) and ARMA(1,1). Di�erences occur only in the complexity of the Gibbs
sampling, extra steps needing to be added in going from AR(1) to MA(1) and again in going
to ARMA(1,1). For AR(1), the conditional distribution of Ytjy�t (where y�t is used to indicate
the whole series y but omitting yt) is simply the conditional distribution Ytj(yt�1; yt+1), as the
inverse covariance matrix is tri-diagonal. The distributional form is easily derived (Tong, 1990)
and sampling is straightforward. For MA(1), the conditional distribution involves the whole
series and so calculations would involve the inversion of an n�n matrix. This can be overcome
using methods described by Phadke and Kedem (1978) and Ansley (1979), using the Cholesky
decomposition to transform the original series into a set of independent observations for which
the likelihood is easily evaluated. For ARMA(1,1), the use of a further transformation enables
the same methodology to be used.

Various techniques have been developed to assess whether a Markov chain can be considered to
have converged; a comprehensive review is given in Brooks and Roberts (1998). The package
CODA (Best et al., 1995) was used to assess the chains using these methods. Plots were
examined and diagnostics due to Geweke and to Heidelberger & Welch were used to check
convergence more formally. It was decided that a burn-in of 500 iterations followed by a
further 10000 realisations was adequate. For a given series, single estimates of the parameters
were calculated as the mean of the 10000 realisations.
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Model n LS Spectral WLS GLS Pair
(B) (G) (B) (G)

AR(1) 1000 92 87 93 85 88 85 88
100 92 86 92 86 87 86 88

MA(1) 100 73 59 87 64 59 59 59
ARMA(1,1) 100 46 45 48 51 41 49 47
CPU time (seconds) 2 10 6 7 19 6 7

Table 2: Percentage eÆciencies relative to MCMC. Each �gure is the average over 100 sim-
ulations, over a range of parameter values and two threshold levels, for optimal n0. The most
eÆcient estimator in each row is highlighted. CPU times are average times for a SunUltra2 to
process 100 series for each estimation method, MCMC taking about 10000, 1000, 40000 and
60000 seconds respectively for the four examples shown

3 Simulation

To compare the alternative estimators, we simulated 100 replicates of each of a range of
ARMA processes. For AR(1) processes we considered parameter values � = f0:0; 0:3; 0:6; 0:9g,
for MA(1) processes, � = f0:0;�0:3;�0:6;�0:9g, and for ARMA(1,1) processes, (�; �) =
f(0:3; 0:0), (0:0;�0:6), (0:6; 0:3), (0:6;�0:3), (0:3;�0:3), (0:9; 0:6)g. Series had zero mean,
unit variance, were of length n = 100 or 1000, and were thresholded at either 0 or 1. Param-
eters were estimated for a range of values of n0, and using either binary (B) or Gaussian (G)
correlations, using NAG optimisation routine E04JAF (Numerical Algorithms Group, 1993),
This employs a quasi-Newton algorithm to minimise a function of several variables, allowing
simple bounds and using function values only. All programming was done in Fortran 90.

The main criterion used to compare estimators is the mean square error (MSE) which, for an
estimator ~� for � can be re-expressed as

MSE(~�) =
1

100

100X
s=1

(~�s � �)2 = Bias(~�)2 +Var(~�):

For models with more than one parameter, such as ARMA(1,1) with parameters (�; �), we
considered the combined MSE, given by the sum of the two individual MSEs.

We present here a representative set of results for the di�erent models and all estimation
methods considered in Section 2. We assume MCMC to be a fully eÆcient estimator and,
where results are available, express the eÆciency of the other methods relative to this. Table 2
shows such percentage eÆciencies, the �gures shown being the ratio of the average MSE for each
method to the average MSE from MCMC. The averages are over di�erent parameter values
and threshold levels, for optimal n0. CPU times are averages over the the models for all the
parameters considered. The MCMC method was too slow to run for MA(1) and ARMA(1,1)
processes when n = 1000 and so in Table 3 we simply present root mean square errors (RMSE)
for an example of each model.
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Model / T LS Spectral WLS GLS Pair
Parameter values (B) (G) (B) (G)
MA(1) 0 61 61 54 54 61 61 61
� = �0:3 1 70 74 67 72 74 74 74
ARMA(1,1) 0 76 76 70 73 79 80 75
(�; �) = (0:9; 0:6) 1 94 95 91 96 103 97 93

Table 3: 1000 � RMSE of parameter estimates. Each �gure is the average over 100 simulations,
for the given parameter values and threshold level T , for series length 1000, for optimal value
of n0. The smallest value in each row is highlighted

Figure 3: Percentage eÆciencies relative to MCMC for estimation in an AR(1) process of length
1000 with � = 0:6, threshold=0, for a range of values of n0

Figure 3 shows the typical relationship between eÆciency and n0, for ordinary least squares
and the spectral method. This illustrates one of the main advantages of the spectral method
over least squares. The optimal value of n0 for least squares is quite crucial, here 4, but is
not known a priori, whereas for the spectral method the exact choice of n0 is not important
| it simply has to be suÆciently large. This is the general pattern, and so for example in
Table 3 we see that although the spectral method using binary correlations is only marginally
the most eÆcient, the real advantage is the lack of needing to know an optimal value for n0 in
advance. The value needed can be gauged from the rate of decay of the autocorrelation and
inverse autocorrelation coeÆcients (see Section 2.1). For the majority of cases, such a value
of n0 resulted in the highest eÆciency. It should be noted, however, that in a few cases the
eÆciency achieved by using this value of n0 was not as high as that obtained by simply taking
n0 to be twice the number of parameters in the model, for which all methods agree and are
equivalent to equating the �rst n0=2 sample correlations with their expected values.
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For AR(1) processes, all methods can be seen to be nearly as eÆcient as MCMC, and so the
spectral approach o�ers no clear bene�t. For other ARMA processes the spectral method is
generally seen to be more eÆcient than least squares, in some cases the improvement being quite
substantial. Weighted and generalised least squares do not o�er much advantage over ordinary
least squares, and indeed are often drastically worse. The pairwise likelihood method is fairly
stable with n0 but generally produces estimates no more eÆcient than ordinary least squares.
Note that, for MA(1) processes, the weighted and generalised least squares and pairwise like-
lihood method are all equivalent to ordinary least squares with n0 = 2, since the expected
values of autocorrelation at lags higher than 1 is zero. As demonstrated in both tables, use
of binary correlations is usually to be preferred over Gaussian. It is interesting and reassuring
to note from Table 2 the stability in eÆciency for AR(1) processes over the two series lengths
considered. CPU times for all the fast methods are small enough to be of no consequence. In
contrast, times for MCMC are prohibitively high.

4 Application

We consider binary feeding data, collected for 30 days in May 1995 as part of a longer experiment
at Langhill Dairy Cattle Research Centre, Edinburgh (Tolkamp et al., 1998). Thirty-six cows
had continuous access to food in electronic feeders, and time spent at feeders was recorded
automatically. Figure 1 shows two days of feeder-visit data for one cow. In Allcroft and
Glasbey (2000) we chose to suppress short intervals away from feeders and model this derived
variable instead, corresponding to bouts of feeding, i.e. meals. However our modelling approach
is also capable of using the visit data directly, which is what we do here. The data are recorded
in continuous time, which we have discretised at one minute intervals.

Figure 4 shows �̂(G) for a typical cow. Inspection of such plots for all cows indicates that
the simplest form of ARMA process that could provide an adequate model is ARMA(2,1),
the autocorrelation function for which is a mixture of two exponential functions, invariant
to the time scale chosen to discretise time. Parameter values of �̂ = (1:9716;�0:9728) and
�̂ = �0:9927, were obtained by numerically maximising the binary spectral likelihood. The
95% simulation-based pointwise con�dence intervals shown were obtained as the 5th and 195th
estimates of the ordered sample autocorrelations from 199 simulated series. The estimated
autocorrelations can be seen to be consistent with the model.

Figure 2 shows data simulated from the �tted model, together with the underlying latent
variable. The feeding patterns are similar to the observed data of Figure 1. To check this
further, Figure 5 shows the marginal distributions of feeder visits and of intervals between
visits, comparing the data values with those obtained by simulation of the �tted model. The
form of these distributions played no part in the motivation for this model, so it is reassuring
to observe that the marginal distributions are of the correct shape, in particular note that the
model has captured the bimodality of the distribution of interval lengths.
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Figure 4: Gaussian autocorrelations for one cow: (|) �̂(G), (- - -) simulation-based 95% con�-
dence envelope for �̂(G) for the �tted ARMA(2,1) model

5 Discussion

We have seen that there are fast and eÆcient estimation procedures available for censored
ARMA processes. In particular, when the censoring is simple thresholding, the use of a spectral
quasi-likelihood is computationally quick, more eÆcient than some other fast alternatives, and
sometimes nearly as eÆcient as MCMC. It also has the important advantage of the number of
terms needing to be retained in the optimisation being much less than n; in addition, given
that n0 is high enough for the autocorrelations and inverse autocorrelations to have decayed
suÆciently, the exact choice is not critical. Simulations showed use of binary correlations to be
preferable to Gaussian ones, both in terms of eÆciency and stability. More simulation studies
remain to be done to see if these results hold for more general ARMA models and other forms
of censoring.

The latent Gaussian model appears to be a 
exible one for categorical behaviour data, the
ARMA(2,1) process �tting well to the cow feeding data. In Allcroft (2001), this type of model
was compared with others, one of them being the hidden Markov model (MacDonald and
Zucchini, 1997), which has a discrete latent structure and is again considered in a discrete time
framework. The data occur naturally in continuous time, and one of the advantages of the latent
Gaussian variable model over other potential models is that it has a continuous time analogue.
However it can be shown (Cox and Miller, 1965, pages 293{296) that if the autocorrelation
function is not twice-di�erentiable at lag zero, then realisations of the continuous-time process
have short term `jitter' and so if the process crosses the threshold at a time t0, then for any
small � > 0, the process will cross the threshold in�nitely often in the interval (t0; t0 + �).
Therefore although the process can be de�ned in continuous time, it would be a poor model
for cow behaviour. A solution would be to consider a higher-order ARMA process such as
ARMA(3,2), with enough parameters to be able to constrain the autocorrelation function to
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Figure 5: Marginal distributions of (a) feeder-visit lengths, (b) interval lengths: (+) sample
frequencies, (|) frequencies based on 100 realisations of the �tted ARMA(2,1) model

be twice-di�erentiable at lag zero. The details of this remain to be investigated.

Further work could also investigate the use of multivariate processes to model a herd of cows
simultaneously, with the inclusion of covariates. More general categorical data could also be
modelled, e.g. three ordered categories and hence two thresholds for the latent variable. A
possibility for unordered behaviours would be to have a latent variable associated with each
category, the current behaviour corresponding to the one with the highest value, as described
by Bartholomew and Knott (1999) for econometric data. Other forms of censoring could be
also considered, for example that encountered in rainfall data (Glasbey et al., 1998), for which
zero rainfall corresponds to a censored value below the threshold, and above the threshold, the
variable is directly observed. This case requires the variance of the Gaussian variable to be
estimated, whereas we were able to work with standardised variables.
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Appendix

We outline the mains steps in the proof that L is approximated by L0 under the conditions
outlined in Section 2.1.
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First, we re-express the full likelihood, L, given by (2), as

L = �
1

2

n

2
�1X

k=�n
2

log jSkj �
1

2

n

2
�1X

l=�n
2

trace [�l �̂
(G)

l ];

using (3) and (5). Similarly, the restricted likelihood, L0 given by (4), can be re-expressed as

L0 = �
n

2n0

n
0

2
�1X

k=�n
0

2

log jS 0kj �
n

2n0

n
0

2
�1X

l=�n
0

2

trace [�0l �̂
(G)

l ];

where �0l is de�ned similarly to �l in (5), replacing n by n0 and S by S 0.

We will show that

n

n0

n
0

2
�1X

k=�n
0

2

log jS 0kj �

n

2
�1X

k=�n
2

log jSkj (8)

and

n

n0

n
0

2
�1X

l=�n
0

2

trace [�0l �̂
(G)

l ] �

n

2
�1X

l=�n
2

trace [�l �̂
(G)

l ]: (9)

For (8), consider

Sk � S 0n0

n
k

=

n

2
�1X

l=�n
2

�(G)

l e�2�ikl=n �

n
0

2
�1X

l=�n
0

2

�(G)

l e�2�ikl=n

=

n
0

2
�1X

l=�n
2

�(G)

l e�2�ikl=n +

n

2
�1X

l=n0

2

�(G)

l e�2�ikl=n � 0: (10)

This follows from the de�nitions of S and S 0 and, because �(G) decays exponentially, for suÆ-
ciently large n0, �(G)

l � 0 for jlj > n0

2
. Hence

n

n0

n
0

2
�1X

k=�n
0

2

log jS 0kj �
n

n0

n
0

2
�1X

k=�n
0

2

log jS n

n0
kj: (11)

In general n
n0
k is non-integer, but note that de�nition (3) still holds. Then if jSkj is continuous

in k, using the compound trapezoidal rule for integration, we can approximate the right hand
side of (8) by the right hand side of (11), to within order 1=n0, and thus obtain (8).

For (9), we assume that � decays exponentially, and therefore for suÆciently large n0, �l � 0
for jlj > n0

2
. So, we simply need to show that

n

n0
�0l � �l:

13



From the de�nitions of � and �0, and (10), we have

n

n0
�0l =

n

n0

n
0

2
�1X

k=�n
0

2

S 0k
�1
e2�ilk=n

0

�
n

n0

n
0

2
�1X

k=�n
0

2

S n

n0
k
�1e2�ilk=n

0

�

n

2
�1X

k=�n
2

Sk
�1e2�ikl=n = �l

where the second approximation again depends on the continuity of the function being summed.
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