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Summary . Rainfall data are often collected at coarser spatial scales than required for input
into hydrology and agricultural models. We therefore describe a spatio-temporal model which
allows multiple imputation of rainfall at fine spatial resolutions, with a realistic dependence
structure in both space and time and with the total rainfall at the coarse scale consistent with
that observed. The method involves the transformation of the fine-scale rainfall to a thresh-
olded Gaussian process which we model as a Gaussian Markov random field (GMRF). Gibbs
sampling is then used to efficiently generate realisations of rainfall at the fine scale. Results
compare favourably with previous, less elegant methods.
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1. Introduction

Many models in hydrology and agriculture require meteorological variables as inputs, how-
ever the available data will rarely be of the desired form. For example, rainfall data is
generally collected at coarser spatial scales than required, hence the need for a spatio-
temporal model which will allow multiple imputation of rainfall at fine scales, which are
consistent with the observed totals at the coarse scale. There is a growing literature on
spatio-temporal models, simply because there is a great need for them, with many datasets
being both spatial and temporal. Some approaches combine geostatistical methods in space
with time series models, for example Mardia et al. (1998) combine kriging with the Kalman
filter and Wikle et al. (2001) develop a fully Bayesian hierarchical model. Alternatively,
for data on a lattice, space-time autoregressive moving average (STARMA) models can be
defined (see, for example, Pfeifer and Deutsch, 1980; Cressie, 1991, pp. 449). In this paper
we use a Gaussian Markov random field (GMRF), sometimes also called a conditional au-
toregressive model (see, for example, Besag and Kooperberg, 1995; Cressie, 1991, pp. 433).
These are a sub-class of Gaussian fields which have a Markov property, i.e. non-adjacent
locations are conditionally independent, and therefore Gibbs sampling can be used for effi-
cient simulation. Rainfall is non-Gaussian, but by suitable transformation we demonstrate
that it can be modelled as a thresholded Gaussian variable. We can then formulate the
process as a spatio-temporal GMRF and simulate disaggregations by Gibbs sampling.

To illustrate our approach we consider 12 hours of hourly data from the Arkansas-Red
Basin River Forecast Center website, http://www.srh.noaa.gov/abrfc. This particular
sequence of data sees a storm moving across the region. Chandler et al. (2000) modelled
the data at 8kmx8km resolution, then aggregated to 5x5 blocks and proceeded to disag-
gregate. We do likewise. Fig. 1 shows one hour of data at both fine (75 x 150 values) and
coarse (15 x 30) resolutions. The approach of Chandler et al. (2000) was limited to binary
presence/absence data and was complex, involving a combination of transition probabili-
ties, regression relationships and Markov random fields. Subsequently, Mackay et al. (2001)
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Fig. 1. One of 12 hours of data, at (a) fine and (b) coarse resolution. Rainfall intensities are displayed
as shades of grey of increasing darkness; white indicates zero rainfall and the darkest shade over
30mm.

extended this by simulating values for rainfall intensity and allocating them to wet loca-
tions. Similar two-stage approaches have been used previously for rainfall modelling, for
example Stern and Coe (1984) use a (non-stationary) Markov chain for rainfall occurrence
and a gamma distribution for the rainfall intensities. Hughes et al. (1999) use a hidden
Markov model instead. We see our latent variable approach as more elegant, being able to
take account of rainfall occurrence and intensity in a single variable. Use of latent variables
was also suggested by Sans6 and Guenni (1999), who worked in a Bayesian framework, and
Guillot (1999), who terms his approach meta-Gaussian. Previously, another popular ap-
proach to modelling rainfall was to use point processes (see, for example, Rodriguez-Iturbe
et al., 1988).

In Section 2 we describe the method for fitting a Gaussian Markov random field to the
data described above. Section 3 then demonstrates how the disaggregation is performed
and shows results. Finally, Section 4 is a short discussion.

2. Model

To fit a Gaussian Markov random field, we assume the empirical correlations of the observed
data to be the correlation function of a Gaussian field and then proceed as if we are approx-
imating a Gaussian random field by a GMRF (Rue and Tjelmeland, 2002). The first step
is therefore to estimate the correlation of the observed data. In our case however we have
the extra preliminary step of estimating the transformation from the rainfall variable to
the thresholded latent Gaussian variable. Then it is the correlation of this latent Gaussian
variable to which we fit the GMRF. It is worth noting firstly the need to fit a model to
the correlation structure — simply using the estimated correlation coefficients themselves
would not describe a valid process. Secondly, an alternative to fitting a GMRF would be
to model the dependence with some correlation model, e.g. a Matern form (Cressie, 1991,
p. 85), however because our task here is disaggregation, the GMRF formulation is the most
convenient, because of the ease of conditional simulation. We now therefore describe each
of the three modelling stages in turn: rainfall transformation, correlation estimation and,
finally, GMRF parameter estimation.
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Fig. 2. Normal probability plot for 12 hours of data (-), and fitted values f(r) (—).

2.1. Rainfall transformation

We seek a monotonic function to transform the rainfall to a latent Gaussian variable, such
that when rain is observed, the variable takes a value above a threshold (agp), and when
no rain is observed, the variable takes a censored value below the threshold. As noted
by Glasbey and Nevison (1997), a power transformation is not quite adequate to achieve
normality, hence we use a quadratic function of the power-transformed rainfall. So for
each location (7, 7) in space at time ¢, we transform the rainfall (in 1/100mm), r;;;, to the
Gaussian variable, y;;¢, by

(1)

= f(r) = ag + aqrY + asr?? if >0,
y= R otherwise,

dropping the subscripts for clarity. Here, % is used to denote a censored value: y =
x <= 1y < ap, corresponding to the locations for which » = 0. This function also
has the advantage of being analytically invertible, which will be important later. Parame-
ters can be estimated by numerically minimising the sum of squares of differences between
y and expected normal scores. Although maybe not fully efficient, the large amount of data
makes this unimportant. Fig. 2 shows the normal probability plot of the twelve hours of
data, with the least squares fit of (1), with o = (1.236, 0.04990, —0.0001610) and y = 0.4411.
The fit is seen to be good, except for rain levels above 140mm, but as only five of the 135000
values were in this range, this is not a cause for concern. Although the transformation is
quadratic, the maximum occurs at r = (—a; /2az)'/7, here corresponding to 923mm rain,
and so the function is monotonic for the range we consider.

2.2. Estimation of correlation

The correlation of the GMRF cannot be estimated directly, as for dry locations, the
Gaussian variable is censored. Therefore we take the approach of Durban and Glas-
bey (2001) and estimate the correlation at lag (k,[,s), denoted pris, by maximisation of
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Eijt log p(yijt, Yi—k,j—1,.—s). The pairwise probabilities, p, take one of three forms depend-
ing on whether neither, one or both of the locations is dry and hence the latent Gaussian
variable is censored:

®,(a0,a0; p) if Yijt = Yikj—t,t—s = *
p(yijtyyifk,j*l,tfs) = ¢(szt) P <%17\/%l;t> if only Yi—k,j—lt—s = *
&2 (Yijts Yi—k,j—i,t—s; p) otherwise.

Here, ¢ and ® are the probability density function and cumulative distribution function,
respectively, for a standard univariate Gaussian distribution, and ¢, and ®, are the corre-
sponding functions for the standard bivariate Gaussian distribution, i.e.

1 1 9 9
)= (2 -2
¢2(y1,Y2; p) 2w (= )/ exp [ ) (y1 pY1Y2 +Y2°)

and

ay as

®y(as,az;p) :/ / $2(y1, Y23 p)dy1dys.
Y1=—00 Jy2=—00

Table 1 shows a small subset of the estimated correlations; higher lag correlations were

also estimated. For time lag s = 0, we show the half-plane representing all distinct spatial

directions; for time lag s = 1, distinct directions now fill the whole plane. We also show the

correlations in time at spatial lag (k,1) = (0,0), up to temporal lag s = 5.

It might be anticipated that prevailing wind direction would produce an anisotropic
spatial correlation structure, and indeed from Table 1 it can be seen that the correlation
is more persistent in a north-west/south-east direction than south-west/north-east, due to
bands of rain typically being aligned in the former direction. However, for the purpose of
model-fitting, it was decided that the overall pattern was sufficiently similar in all directions
for spatial isotropy to be assumed. Hence estimates at common distances were averaged,
and these averages used in the subsequent model fitting.

2.3. Estimation of GMRF
The Gaussian Markov random field we consider is parameterised by the precision matrix @
and has likelihood

1
[ o exp {—ﬁy'Qy] .

For simplicity, we assume a torus wrap-round of the n; X n; x n; spatio-temporal locations,
indexed i =0,...,7;—1,7=0,...,n; —1,t =0,...,n; — 1. Q has a zero-pattern structure
such that Qji.ris = 0 unless locations (i,7,t) and (k,l,s) are neighbours (see Rue and
Tjelmeland, 2002, for many more properties). We write the parameters of the GMRF as 6,
where 015 = Qo00,kis, and so fx;s is non-zero only if the point (k,1, s) is in the neighbourhood
of the reference point (0,0,0). Fig. 3 shows the set of parameters 6 for a spatio-temporal
neighbourhood of size 5 x 5 x 3. The reference point here is in the centre of the array at time
lag s = 0 and all the empty locations shown will be filled by the corresponding parameters,
assuming isotropy.

In fitting the GMRF we will need to compute the expected correlations, given 6. This
can be done via two 3-D Fourier transforms. So to calculate pys, the expected correlation
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Table 1. Estimates of correlation py;s for spatio-temporal lags (k, [, s), ex-
pressed as percentages.
Spatial correlation at time lag s =0
E\NL| -5 4 -3 -2 -1 0 1 2 3 4 5
0 100 89 75 65 59 54
1 50 56 62 71 82 90 8 75 66 60 55
2 47 52 57 64 71 76 76 71 65 60 55
3 43 47 52 58 63 66 68 66 62 58 54
4 40 43 47 51 55 59 61 60 58 55 52
5 37 39 43 46 49 52 54 55 54 52 49
Spatial correlation at time lag s =1
E\NL| -5 4 -3 -2 -1 0 1 2 3 4 5
-5 42 43 45 45 45 43 42 40 38 36 34
-4 44 46 48 49 49 48 46 44 42 40 37
-3 45 48 51 53 54 53 52 49 46 44 41
-2 45 49 52 56 58 59 58 55 52 49 45
-1 46 49 53 57 61 64 63 60 56 53 50
0 45 49 53 58 63 68 67 64 60 56 53
1 43 47 52 K7 62 67 67 65 61 58 54
2 40 44 49 53 58 61 63 64 61 58 55
3 37 41 45 49 53 56 59 60 59 57 53
4 34 37 41 45 48 51 54 56 56 54 51
5 32 34 37 40 43 46 49 51 51 51 48
Temporal correlation at spatial lag (k,1) = (0,0)
s 0 1 2 3 4 5
100 68 42 31 24 17
Time lag s = —1 Time lag s =0 Time lag s =1
Bood Bo1d Oo2 Boo1 Bo11 Bo2i
O11d 612 0111 6121
022 022

5

Fig. 3. Parameters 0 to be estimated for a GMRF with spatio-temporal neighbourhood of size 5 x5 x 3.
All remaining cells shown are completed with the given parameters assuming isotropy.
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at spatio-temporal lag (k,l, s), we firstly obtain eigenvalues

5 N ik jl ts
Gijt = Z Z Z Q000,k1s €XP { —2me < = 4 n_> } ,
k=0 = PR

fori=0,...,mn;—1,7=0,...,n; —1,t =0,...,n; — 1. Then we obtain covariances
, mz_:l n;z: nil exp {27” <zk: N jl n tS)}
s = - — )
R — = = g nj o
fork=0,...,n; =1, =0,...,m; — 1,5 =0,...,n; — 1, and finally correlations are given

by pris = Yris/Yooo-

The correlations can be computed on any size torus that is large enough to allow the
correlation to die away sufficiently before wrap-round occurs; the model is then valid for
any other sufficiently large grid. To ensure spatial isotropy, we fit on a torus for which
n; = n; (= 256) and, as the correlation in time dies away more quickly, taking n; = 64
is sufficient. Restricting the torus dimensions to powers of two makes the fast Fourier
transform algorithms as efficient as possible.

Besag and Kooperberg (1995) fitted a GMRF to a covariance structure using the Kullback-
Leibler discrepancy, however Rue and Tjelmeland (2002) demonstrate how this method can
result in undesirable correlation outside the neighbourhood. They instead propose match-
ing the observed and expected correlation functions, ensuring that, in terms of correlation
and variance at least, a better overall fit is obtained. We follow their example and estimate
the GMRF parameters by weighted least squares on the correlations, minimising

§ , E , E :72 12 5 (Pris — pris)’s (2)
kK2+12+s
k l s

where p is the expected correlation and p the observed correlation. The weighting factor
here is analogous to that used by Rue and Tjelmeland (2002). There, in two dimensions, the
weights are inversely proportional to the circumference of a circle with the given distance as
radius, and here, in three dimensions, our weights are inversely proportional to the surface
area of a sphere with the given distance as radius. Hence we are effectively correcting for the
increasing numbers of sample values at increasing distances and in both cases, approximately
equal weighting is given to all distances.

The minimisation of (2) is constrained, as we need all g;;; > 0 to ensure that the variance
matrix is positive definite and hence describes a valid process. We follow the approach of
Rue and Tjelmeland (2002) and use an unconstrained simplex-based algorithm, adding a
penalty if any eigenvalues are non-positive. Only correlations up to lag (20,20,3) were
included in the fitting. This was decided to be adequate, as the correlation has decayed
sufficiently by this point to be such that inclusion of higher lags makes negligible difference
to the estimates obtained.

Fig. 4 illustrates the fit obtained with the 5 x 5 x 3 neighbourhood of Fig. 3. Table 2
shows the parameter estimates for the illustrated fit. As in Rue and Tjelmeland (2002), to
aid interpretation, these have been converted to the quantities 1/v/8p00 and —8xs /6000, cor-
responding to the conditional standard deviation and conditional correlations, respectively.
Booo is not estimated explicitly — it is fixed at 1 in the optimisation and then scaled to fit
the variance. Note that much more accuracy than that displayed in Table 2 is necessary to
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Fig. 4. Sample p and fitted p correlation of GMRF; (a) at time lag 0, (b) at time lag 1; (+) sample
correlation, (—) fitted correlation along rows and columns; (- - -) fitted correlation along diagonals.

Table 2. Coefficients for the fitted GMRF. The value for (0, 0,0) is
the conditional standard deviation, 1/+/6oo0; the rest are conditional
correlations, —6y;s/6o00.

Tvme lag s =0 Time lag s =1
0 1 2 0 1 2
0| 03118 0.2343 —0.0364 | —0.0124 0.0401 —0.0258
1 0.0481 0.0254 0.0004 —0.0211
2 —0.0481 0.0312

recover the quoted correlation coefficients. Rue and Tjelmeland (2002) comment that these
conditional correlations tend not to display any logical pattern and are hence not easy to
interpret. Therefore direct specification of a model by its conditional correlations is not
recommended.

The choice of neighbourhood size 5 x 5 x 3 is arbitrary and might be thought to be fairly
small for our example, which has relatively long correlation length. However the ability of
GMRFs to achieve a good fit to a long range correlation with only a small neighbourhood
is one of their more surprising and often useful features. Other neighbourhood sizes were
investigated — inspection of plots similar to Fig. 4 showed one of size 3 x 3 x 3 (5 parameters)
to give a substantially worse fit, and one of size 7 X 7 x 5 (29 parameters) to produce no
noticeable improvement. Additionally, this larger neighbourhood proved unstable to fit.
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Timelags=-1 Timelags =0 Timelags=1

Fig. 5. Full set of locations (yg) involved in the updating of the 5 x 5 block highlighted (y.4).

3. Disaggregation

We generate realisations of rainfall at the fine scale using Gibbs sampling. Starting from
a configuration in which rainfall is allocated uniformly within blocks (Fig. 1b), we update
5 x 5 blocks such that the total rainfall within that block agrees, within measurement, error,
to the observed total.

Let the vector y4 be the set of 25 locations in the block to be updated and yp be the
vector of locations not conditionally independent of y 4, i.e. locations which have a non-zero
entry in the precision matrix with at least one of the locations in y4. We can write

-1
Ya 0 Qaa Qas
~ MVN , )
<y3> (<0><QBA QBB) )
and the distribution of y4 conditional on all other locations can be written ya| y—a = ya| ys-

This distribution is also multivariate normal and can be conveniently expressed in terms of
the precision matrix @:

ya| yp ~ MVN (=Q714Qunyp, Q1Y) (3)

Fig. 5 shows the set of locations that need to be taken into account for the updating of
each block of 5 x 5 sites. For the given neighbourhood size, the number of locations in yp
is 3 x (9 x9)—25 = 218. Since we are working on a torus, the neighbourhood size and
shape is always the same and so the conditional variance needs to be calculated only once.
Each conditional mean is calculated with a single matrix multiplication and so the whole
simulation is computationally efficient. To weaken the wrap-round effect of the torus, we
add onto the 75 x 150 x 12 lattice a border of width 75 spatially and 12 temporally. This
is an adequate size to allow the correlations to die away sufficiently.

We need to ensure that the total rainfall within each block is close to that observed.
If the transformation (1) was linear, it would be easy to sample y4 conditional on its sum
being a constant (see, for example Rue, 2001). However, r is related to y by a non-linear
transformation and there is no simple method for simulation conditional on the sum of these
back-transformed values being constant. Noting that the rainfall data is derived from radar
and adjusted using rain gauge data, it seems reasonable to assume that there will be some
estimation error here and therefore it is sufficient, and in fact more realistic, to just get
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agreement to within some tolerance. In the absence of any definitive guide as to the likely
precision of the data, we specify that the total simulated rainfall within a block must agree
to within 1lmm of that observed if under 10mm, and to with 10% if greater than 10mm.
For completely dry blocks it is generally easy to generate points corresponding to exactly
zero rainfall.

So for the Gibbs sampling, the full conditional distribution given by (3) must be re-
stricted to the part of the distribution corresponds to a sufficiently close match for the
total rainfall for that block. Therefore the required distribution is a truncated multivariate
normal, given by (3), but truncated such that

Z fﬁl(ya) -R

a€A

<d.

Here, f~1(y,) is the rainfall corresponding to y,, the simulated value of the latent GMRF
at location a, and f~!(:) is the appropriate quadratic root from the inverse transformation
of (1):

1/
a1?—das(ap—ya)— .
< - ;azo 1) ify > ag

f ' ya) =

0 otherwise.

R is the total observed rainfall within that block:
R = Z Ta,

where 7, is the observed rainfall at location a. Finally, d is the discrepancy allowed between
simulated and observed rainfall for that block:

d:{ max (100, £) if R > 0,

0 otherwise.

Note that rainfall here is still in units of 1/100mm. We also note that the measurement
error introduced here is not entirely consistent with the model — we return to this point
in the discussion.

In order to generate a point from this truncated multivariate normal distribution, we
simply generate points from the full distribution (3), and accept the first point to fall in
the required region. Around 75% of blocks were matched exactly on the first attempt, dry
blocks generally being easy to match, and another 14% within 10 attempts; approximately
0.1% needed more than 1000 attempts. Blocks in the added spatio-temporal border can be
updated unconditionally from a single point generated from (3).

At this stage, it is worth noting why several ideas in the literature for improved efficiency
of simulation from a GMRF were not used. Firstly, in problems with high correlation
between locations, it is advantageous to update larger blocks of sites simultaneously (Knorr-
Held and Rue, 2002) to gain better mixing and convergence in the Markov chain. Here
however, at each update, the total rainfall in each 5 x 5 block must be consistent with the
observed rainfall total for that block and therefore it is most natural and convenient to
update blocks of this size at each step. This also has implications for use of the algorithms
of Rue (2001) for fast simulation of GMRFs, the idea there being to order the locations
such that the bandwidth of the precision matrix is minimised, then taking advantage of
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Fig. 6. Trace plots of (a) lag 1 correlation in time, (b) proportion of wet locations (fine scale) within
wet blocks (coarse scale).

Table 3. Comparison of summary statistics of observed data with simulated
realisations, averaged over 5000 realisations.

Statistic Observed  Simulated
Propn wet locations 0.090 0.093
Propn wet locations within wet blocks 0.334 0.351
Propn correctly classified locations (wet/dry) — 0.929
Propn correctly classified locations in wet blocks — 0.739
Lag 1 correlation in space 0.906 0.905
Lag 1 correlation in time 0.704 0.739

computational routines for band-matrices. This can result in considerable computational
gains when large blocks are being updated, but for the relatively small blocks we are dealing
with here, the extra effort outweighs any computational gain.

Statistics were collected from each realisation and plots and tests of convergence were
applied using CODA (Best et al., 1995). Here we report results from a run of 20000
iterations, after a burn-in of 2000, although shorter runs are probably adequate. Using
Fortran 90 on a Sun Ultra2, each update took about 10 seconds of CPU time and therefore
the full run reported here took around 60 hours. Fig. 6 shows the long-term behaviour of
two of the summary statistics monitored, namely the correlation at a time lag of one hour
and the proportion of wet locations within wet blocks. Similar plots were examined for the
mean and variance of the latent Gaussian variable, other correlations in space and time and
other proportions of wet and correctly classified (wet/dry) locations. Table 3 shows some
summary statistics, illustrating the close agreement between the observed dataset and the
simulated realisations and hence providing some sort of validation for our model.

Fig. 7 shows two simulated disaggregations. Comparison with the corresponding ob-
served data in Fig. la shows the disaggregations to be similar in most respects to the
original data. An overall proportion of correctly classified locations within wet squares of
74% (Table 3) compares favourably with the 65% reported by Mackay et al. (2001).

As a further model validation step, we should check our assumption of multivariate
normality. The choice of transformation in Section 2.1 ensures a good fit for marginal
(univariate) normality, but this does not automatically ensure multivariate normality of the
latent variable. Fig. 8 therefore illustrates the bivariate distribution of the latent variable
at a spatial lag of 1 at the fine scale (8km), for rain levels up to 50mm. Fig. 8(a) shows
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Fig. 7. Example disaggregations of the data from Fig. 1b. Rainfall intensities are displayed on the
same scale as in Fig. 1.
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Fig. 8. Bivariate distribution of rainfall at a spatial lag of 1 at the fine scale (8km): (a) bivariate
histogram of observed counts for pairs of wet locations (white indicates a zero count and increasingly
dark squares represent larger counts); (b) bivariate histogram of expected counts for pairs of wet
locations; (c) histogram of rainfall for locations for which the adjacent location was dry: observed
(—), expected (- - -).

the empirical bivariate histogram of counts, and (b) the expected histogram, given the
estimated correlation at that spatio-temporal lag, here pp19 = 0.89. Both of these only
include the quadrant of the distribution corresponding to pairs of locations that are both
wet, but (c) shows a plot of observed and expected counts for pairs of locations with one
wet and the other dry. Finally, this bivariate normal distribution predicts that 86% of pairs
of locations at this lag should both be dry, and we observed 89%. Therefore agreement can
be seen to be generally good in all cases. Similar pictures were obtained for the bivariate
distributions at other short lags.

4. Discussion

We have seen that we can successfully transform rainfall to a Gaussian variable and hence
gain access to the existing methodologies for GMRFs, disaggregation then being straight-
forward and computationally feasible. One of the most attractive features of GMRFs is that
such a good fit to the correlation structure can be obtained with a small neighbourhood
and hence a relatively small number of parameters. We used a neighbourhood here of size
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5 x5 x 3, chosen empirically as the smallest size that gave an acceptable fit to the correlation
structure of the data. The isotropy assumption also allows the number of parameters to be
kept to a minimum and the results obtained can be seen visually to be acceptable. Fur-
ther investigation would be useful to make formal comparisons of the efficiency of different
neighbourhood sizes and ranges, extending the results in Rue and Tjelmeland (2002) to
three dimensions.

We have demonstrated here that the modelling strategy works, the resulting realisations
being convincingly close to the original data and visually much better than achieved previ-
ously. However, all our analysis was based entirely on the sequence of 12 hourly time points.
A more rigorous approach, adopted by Chandler et al. (2000), would be to estimate model
parameters from an independent, longer data sequence, e.g. for the same month in the
previous year, and then use these parameters for the disaggregation. In general, data this
similar might not even be available, so before practical application of this method, further
work to assess the sensitivity of the results to changes in the model parameters would be
useful. However, as we are conditioning on observed totals, we would not anticipate small
changes in the GMRF parameters to have much effect on the results.

We pointed out earlier that the measurement error introduced in Section 3 is not entirely
consistent with the model. If the errors at each location on the fine scale were independent,
a spike would be expected in the correlation function at lag 0. We do not see this in
Figure 4(a), and in practice probably wouldn’t expect the errors to be white noise anyway,
as they would more likely be spatially correlated. Noting the good agreement between
the observed and predicted lag 1 correlation in Table 3, we tentatively conclude that not
incorporating this measurement error in the model is not a major oversight.

Finally, we note that GMRF specification is convenient for conditional simulation, how-
ever the method is still computationally intensive. Further work therefore, to develop a
more efficient methodology to simulate from a GMRF conditional on a non-linear system
of equations being satisfied, would be useful.
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