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Abstract

We seek a computationally-fast method for solving a diÆcult image segmentation

problem: the positioning of boundaries on medical-scanner images to delineate tissues of

interest. We formulate a Bayesian model for image boundaries such that the maximum

a posteriori (MAP) estimator is obtainable very eÆciently by dynamic programming.

The prior model for the boundary is a biased random walk and the likelihood is based

on a border appearance model, with parameter values obtained from training images.

The method is applied successfully to the segmentation of ultrasound images and X-ray

computed tomographs of sheep, for application in sheep breeding programmes.

Key words: Bayesian image analysis, Border appearance model, Image segmentation,

Random walk, Ultrasound image, X-ray computed tomography.

1 Introduction

The primary application of non-invasive medical imaging techniques such as ultrasound scan-
ning, X-ray computed tomography (CT) and magnetic resonance imaging (MRI), is diagnosis,
by detection of physiological abnormalities. However, they also have the potential to be used
quantitatively, to estimate organ volumes and tissue proportions, for example. This necessi-
tates that the images be segmented, to delineate areas to be measured. To illustrate, consider
images of sheep, obtained as part of a sheep breeding programme (Simm, 1992).
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(a) (b)

Figure 1: Non-invasive images of sheep obtained using two imaging techniques, together with
tissue labels and, in white, manually-positioned boundaries which identify the tissues of interest:
(a) ultrasound scan (301� 341 pixels in size, 1 pixel � 0.16mm), (b) X-ray CT lumbar image
(cropped to 176� 176 pixels in size, 1 pixel � 2.0mm).

� Fig 1(a) shows an ultrasonic scan of the back of a live sheep, with tissue areas labelled.
From this image, sheep breeders want to measure the average depth of the subcutaneous
layers of fat. Therefore, they manually positioned boundaries on the image along the top
and bottom of the fat layers. These are shown as thin white lines superimposed on the
image.

� Fig 1(b) shows an X-ray CT image of the lumbar region of a second sheep, after some
low-level processing to remove from the image the U-shaped plastic cradle in which the
sheep was lying, and stretching of the pixel grey-scale to emphasise di�erences between
soft tissues. Again, tissue areas are labelled and a manually-positioned boundary has
been superimposed in white. In this case, the boundary separates the sheep's internal
organs from the fat and muscle areas that the breeders want to measure.

Our aim is to automate the positioning of these boundaries, as the current, manual method is
both slow and tedious. Also, as there are many images to segment, we seek a computationally-
fast method. Although we focus on these two applications, the methodology is generic and
could be used with other subjects and imaging modalities.

Segmentation is often the most diÆcult step in image analysis, and the positioning of boundaries
in images such as Fig 1 is a challenging problem because many features of these images have to
be taken into account. There are a large number of low-level algorithms for image segmentation
(see, for example, Glasbey and Horgan, 1995, chapter 4). In practice, some human intervention
is frequently needed to achieve an accurate segmentation, unless high-level knowledge can be
built into the approach. Bayesian methodology o�ers one formal framework for incorporating
such domain-speci�c knowledge.

2



The Bayesian approach to image restoration and image segmentation received its initial impe-
tus from the seminal papers of Geman and Geman (1984) and Besag (1986). In essence, prior
information on an appropriate image model is combined with image data, in order to derive the
posterior distribution of realisations of the model. The most commonly used priors are Markov
random �elds (Geman and Geman, 1984; Besag, 1986), and deformable templates which specify
the boundaries of objects (Grenander and Miller, 1994; Phillips and Smith, 1994; Cootes et al.,
1995). An estimator is obtained from the posterior distribution by minimising a particular loss
function. For example, under a 0-1 loss function the optimal estimator maximises the posterior
distribution; this is the maximum a posteriori (MAP) estimator. Unfortunately, whatever the
loss function, the optimal estimator is usually diÆcult to compute, and simulated annealing
(Geman and Geman, 1984), gradient descent (Besag, 1986) or approximate maximisation meth-
ods (Ferrari et al., 1995) have been used. One notable exception is that, for binary Markov
random �elds, Greig et al. (1989) showed that the MAP estimator can be obtained eÆciently
using a maximum-
ow algorithm. Loss functions are often chosen pragmatically for computa-
tional convenience, though Rue (1997) illustrates the e�ectiveness of alternative choices, albeit
at far greater computational cost.

In this paper, we formulate another category of Bayesian model for which the MAP can be
computed eÆciently, in this case using a dynamic programming algorithm. In x2 we construct a
Bayesian model appropriate for a particular class of image boundary, which includes the images
in Fig 1. Then, in x3 we show how the MAP estimator can be obtained eÆciently by dynamic
programming. In x4 we apply the methodology to the sets of images. Finally, in x5 we discuss
generalisations.

2 Bayesian model

The class of boundary problems we consider is where a boundary intersects each column of
an image precisely once and the distribution of pixel values in that column is a�ected by the
boundary only to the extent that pixel positions need to be de�ned relative to this point of
intersection. In the case of Fig 1(a) a `column' is literally a column in the image. However,
more generally, `columns' can refer to any set of pre-speci�ed lines or simple curves. These may
have been obtained from a preliminary, approximate segmentation (Brejl and Sonka, 2000), or
by a geometric transformation of the image space, as we illustrate below with Fig 1(b). We are
not aware of anyone else having speci�ed such a class.

We have available 143 ultrasound images additional to Fig 1(a), a further 197 lumbar X-ray CT
images, and similar numbers of X-ray CT images obtained at two other anatomical positions.
For all these images we also know where the boundaries would be positioned manually. We use
half these images for training, to identify a Bayesian model, and retain half for validation, in
x4.

Boundaries are one pixel wide, and we use integer bj to denote the row where a boundary
intersects the jth column, where columns are indexed from 0 to J . Rows are similarly indexed
from 0 at the top of an image to I at the bottom. Our novel prior model for b is a one-
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dimensional, biased, random walk on the integers, a type of deformable template. Let �j be
an integer that denotes a measure of the location of bj. The change in row position between
columns (j�1) and j is constrained to lie within �1 of the change in � between columns (j�1)
and j, although in applications where it were appropriate it would be straightforward to permit
changes in row position in excess of 1. We specify the probability density to be

f(b) / exp

2
4��

2

JX
j=1

�(fbj � bj�1g � f�j � �j�1g)

3
5; b 2 B; (1)

where � is a non-negative constant, � is the function de�ned by

�(x) =

(
jxj if x = 0;�1;
1 otherwise,

and B speci�es the set of permissible boundaries. As we have a �nite state-space, this is a
proper distribution. We assign values to � by averaging the manually-identi�ed boundaries in
the training set:

�j = int

(
1

N

NX
n=1

b
(n)
j

)
; j = 0; : : : ; J;

where intfxg denotes the nearest integer to x, b(n) denotes the manually-drawn boundary in
the nth training image in a set of size N . Parameter � controls the roughness of the boundary,
ranging from a value of 0 which gives equal probability to (fbj � bj�1g � f�j � �j�1g) = 0;�1,
up to a value of 1 which constrains the boundary to lie parallel to �. We could obtain
a suitable value for � from the boundaries in the training images, but, the partial, quasi-
likelihood we use for the data (see below) is likely to be inappropriately scaled relative to such
a prior density. Therefore, we instead select � in the pragmatic way explained at the end of
x3. We note that Phillips and Smith (1994) reduced the pixellation in their images of faces
from 256 � 256 to 64 � 64, presumably to prevent the likelihood, based on the unrealistic
assumption of independently distributed pixel values, from totally swamping the prior in the
posterior distribution.

We choose B from the distribution of manual boundaries in the training images. For the
ultrasound images we found that distributions of b

(n)
j were skew, as often occurs with variables

that are constrained to be positive. So, we chose to measure variability on a log-scale, with
standard deviation (�j) in column j given by:

�j =

vuut 1

N � 1

NX
n=1

�
log b

(n)
j � log �j

�2
; j = 0; : : : ; J:

We specify bounds for bj to be �je
�m�j , with m = 2, 3 or 4. The way we choose m is again

explained at the end of x3. By specifying hard limits for b, we have implicitly de�ned an
expectation for each bj, although explicitly we have only given expectations for di�erences
(bj � bj�1). Alternatively, we could have speci�ed the full distribution of b, but then the
algorithm in x3 would have run more slowly as we would have had to consider a greater number
of possible values for each bj.

We construct a separate model for each boundary in an image, so, for the ultrasound images we
have two models. Fig 2 shows, for both ultrasound boundaries, � obtained for the 72 ultrasound
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Figure 2: Illustration of prior model for upper and lower boundaries in ultrasound images: (|)
denotes �; (- - -) possible ranges for B, namely �e�2� ; (� � �) manually-drawn boundaries in
Fig 1(a).

training images, together with bounds for B given by �e�2� . Also shown are the boundaries
for the image in Fig 1(a), from which we can see that the biased random walk speci�ed by (1)
looks to be a reasonable prior model. We defer further discussion on the precise choice of B to
the end of x3.

For the X-ray CT images, we note that the boundary in Fig 1(b) is approximately star-shaped,
meaning that there is an interior point from which all radiating spokes intersect the boundary
precisely once. Therefore we can adopt the same approach as for the ultrasound images, but
with j denoting a polar angle and i a radius, as shown in Fig 3. The polar centre has been located
automatically, by extrapolating a line from the centre of the backbone through the centre of the
sheep to an equal distance beyond. This choice adjusts for variations in orientation of animals,
because j = 180 will always coincide with the backbone. Also, by positioning the polar centre
away from the backbone, we ensure that b is single valued, especially where the boundary traces
around the muscle above the backbone. For simplicity, in what follows we will continue to refer
to j as a `column' index and i as a `row' index.

We use a border appearance model (Brejl and Sonka, 2000) for the data, conditional on b.
We assume that the pixel which is k units below the boundary in column j, denoted Ybj+k;j,
is Gaussian distributed with mean �k;j standard deviation �k;j. We form a partial, quasi-
likelihood by considering only those pixels that lie within K units of the boundary and by
forming a product of marginal likelihoods, thereby ignoring the dependence between pixel
values. Therefore, the probability of the data, given b, is

f(Y jb) / exp

2
4�1

2

KX
k=�K

JX
j=0

 
Ybj+k;j � �k;j

�k;j

!2
3
5: (2)
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Figure 3: Polar coordinates used with X-ray CT lumbar images.

In cases where bj + k falls outside the range 0 to I, Ybj+k;j is set to its mean value. Again, we
obtain values for the means and standard deviations from the training data:

�k;j =
1

N

NX
n=1

Y
(n)
bj+k;j

; �k;j =

vuut 1

N � 1

NX
n=1

�
Y

(n)
bj+k;j

� �k;j
�2
; k = �K; : : : ; K; j = 0; : : : ; J:

Fig 4 shows these arrays for the ultrasound and X-ray CT images, with separate blocks for
negative and positive k to aid interpretation. These may be thought of as a grey-level templates
for the boundaries. On either side of the upper ultrasound boundary, we see approximately
horizontal bands of high and low values for both � (Fig 4(a)) and � (Fig 4(b)), which will
serve as a signature for the automatic positioning of this boundary. For the lower ultrasound
boundary the pattern is simpler, with pixels below the boundary having smaller means and
standard deviations than those above (Figs 4(c) and (d)). For the polar-transformed X-ray
CT boundary, because of correction for sheep rotation, all the backbones coincide to produce
a clear pattern for � in Fig 4(e). However, because the size of the backbone varies between
sheep, � (Fig 4(f)) exhibits high values around the edge of the backbone and at other tissue
boundaries, and the lowest values of � occur in the centres of tissues and in the air surrounding
the sheep. We defer discussion on the choice of K to the end of x3.

By Bayes theorem, the posterior density for b conditional on the data, is proportional to the
product of the prior probability and the likelihood:

f(bjY ) / f(Y jb)f(b):

Therefore, combining (2) and (1), to within an additive constant, twice the negative log-
posterior density is given by

F (b) = �2 log f(bjY )

=
KX

k=�K

JX
j=0

 
Ybj+k;j � �k;j

�k;j

!2

+ �
JX

j=1

�(fbj � bj�1g � f�j � �j�1g); b 2 B: (3)
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4: Arrays of means (�) and standard deviations (�) of pixel values on either side of a
boundary: (a) � for upper ultrasound boundary, (b) � for upper ultrasound boundary, (c) � for
lower ultrasound boundary, (d) � for lower ultrasound boundary, (e) � for polar-transformed
X-ray CT lumbar images, (f) � for polar-transformed X-ray CT. (Each � display is individually
scaled, with the smallest value displayed as black and the largest value as white).
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This is the function from which we wish to make inference about b. How we do this depends on
our choice of loss function. The most appropriate choice from the perspective of the application
is probably the mean-square error of b, the criterion we use in x4 in assessing the method.
However, we would have to resort to very computationally-intensive methods such as MCMC
to obtain the optimal estimator. Therefore, in common with many others, we make a choice
that simpli�es the computation. In our case, we choose the MAP estimator because we can
minimise (3) with respect to b very eÆciently using dynamic programming.

3 Dynamic programming algorithm

Equation (3) can be re-expressed as

F (b) = Y �

b0;0 +
JX

j=1

h
Y �

bj ;j
+ ��(fbj � bj�1g � f�j � �j�1g)

i
; b 2 B; (4)

where the array Y � is obtained from Y by the application of a non-homogeneous �lter:

Y �

i;j =
KX

k=�K

 
Yi+k;j � �k;j

�k;j

!2

i = 0; : : : ; I; j = 0; : : : ; J: (5)

Note that it is non-homogeneous in the sense that a di�erent operation is applied in each
column. Fig 5 shows the e�ects of applying the �lters appropriate for the upper and lower
ultrasound boundaries to the data in Fig 1(a). The boundaries that minimise (4) correspond to
the darkest paths between the left and right sides of Figs 5(a) and (b), subject to a smoothness
constraint imposed by the term involving � in (4). We can see that these darkest paths are
similar to the manual boundaries in Fig 1(a).

Because (4) is a sum of separate costs, one for each column, it satis�es the Principle of Opti-
mality (Bellman, 1957) and its global minimum can be found by dynamic programming. Such
algorithms have already been used to �nd boundaries in images by Amini et al. (1990), Buckley
and Yang (1997), and Mortensen and Barrett (1998). Recursively, for j = 0; : : : ; J , we �nd
the minimum cost of a path from column 0 to pixel (i; j), which we denote by Si;j, for i 2 Bj,
where Bj is the set of permissible values for bj. In column 0 we have simply that

Si;0 = Y �

i;0; i 2 B0:

Costs to column j are computed from those to column (j � 1) by

Si;j = min
l 2 Bj�1

h
Sl;j�1 + Y �

i;j + ��(fi� lg � f�j � �j�1g)
i

i 2 Bj: (6)

However, as �(x) = 1 if jxj > 1, we only need consider the three or fewer elements in
Bj�1 \ fi� f�j � �j�1g; i� f�j � �j�1g � 1g. The minimum-cost path reaches (i; j) via pixel
(l; j � 1) with l chosen as the minimising argument in (6), which we denote by Pi;j. Upon
completion of the recursion, the end-point of the minimum-cost path can be found as

bJ = argmin
i2BJ

Si;J :
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(a) (b)

Figure 5: Results of applying non-homogeneous �lter de�ned by (5) to ultrasound image
Fig 1(a): (a) �lter to detect upper boundary, (b) �lter to detect lower boundary. (For each
array, the smallest value is displayed as black and the largest value as white).

Then, we recursively track the boundary back to column 0, by

bj = Pbj+1;j+1 j = (J � 1); : : : ; 0:

For the X-ray CT images, we would also like the boundary to form a closed contour (i.e.
bJ = b0). This can be achieved by modifying the algorithm so that the boundary is constrained
to start and �nish at row i, and repeating the optimisation separately for all i 2 B0, or
alternatively by applying a maximum-
ow algorithm (Boykov et al., 2001) from the centre of
the sheep to its exterior. In practice, we found that the solution to the unconstrained problem
usually formed a closed contour, so we did not implement these modi�cations.

The Bayesian formulation does not give us a way to choose B or K, and, as discussed in x2,
we prefer not to choose a value for � directly from the training data. Instead, we adopt a
pragmatic approach to these choices: we tune the algorithm to get the best agreement between
its output and the manually-identi�ed boundaries. We are not aware of anyone else having
used this approach. We concede that it is more akin to a penalised likelihood approach (Green
and Silverman, 1994) than to a Bayesian one. It is also computationally-intensive, though the
intention is that the algorithm is calibrated on a relatively small set of training images and
then applied routinely to a large number of images from the same population. Table 1 shows
the results of applying the algorithm for a range of settings for the upper and lower boundaries
in the ultrasound images. These yield values for (B; K; �) of (�e�2� ; 10; 2) and (�e�3� ; 10; 3),
respectively, as the parameter settings for which the MAP estimated boundaries are closest to
the manual ones.
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B limits �e�2� �e�3� �e�4�

K 10 30 50 10 30 50 10 30 50
upper boundary

� = 0 1.69 1.99 2.04 1.81 1.99 2.04 3.03 2.73 2.04
1 1.44 1.93 1.98 1.47 1.93 1.98 2.49 2.14 1.98
2 1.41 1.96 1.99 1.44 1.96 1.99 2.15 1.96 1.99
3 1.43 1.98 2.06 1.44 1.98 2.06 2.15 1.98 2.06
4 1.43 2.06 2.07 1.44 2.06 2.07 1.44 2.06 2.07
5 1.44 2.08 2.08 1.46 2.08 2.08 1.46 2.08 2.08
6 1.45 2.09 2.12 1.45 2.09 2.12 1.45 2.09 2.12
7 1.48 2.10 2.16 1.48 2.10 2.16 1.48 2.10 2.16
8 1.52 2.13 2.15 1.53 2.13 2.15 1.53 2.13 2.15
9 1.57 2.14 2.17 1.57 2.14 2.17 1.57 2.14 2.17
10 1.62 2.17 2.19 1.61 2.17 2.19 1.61 2.17 2.19

lower boundary
� = 0 6.77 8.21 8.25 6.82 10.00 10.63 9.43 11.74 13.27

1 5.95 7.03 6.65 5.65 8.32 8.97 6.02 9.95 11.67
2 5.70 6.62 6.18 5.07 6.72 6.68 5.56 7.73 9.41
3 5.27 6.27 6.07 4.23 6.62 6.84 4.27 6.72 9.00
4 5.29 6.14 5.96 4.27 6.45 6.93 4.31 6.69 10.36
5 5.28 5.92 5.84 4.28 6.34 6.90 4.33 6.39 10.39
6 5.39 5.99 5.92 4.49 6.28 7.30 4.54 6.55 10.63
7 5.02 6.03 6.42 4.28 7.38 7.41 4.33 7.73 10.70
8 5.06 6.09 6.89 4.32 7.48 8.69 4.37 7.82 11.37
9 5.08 5.94 6.93 5.47 7.52 9.00 5.50 7.88 11.59
10 5.12 6.02 7.23 5.50 7.56 9.04 5.53 7.94 11.62

Table 1: Root-mean-square di�erences (measured in pixel units) between manually-drawn and
automatically-chosen boundaries, averaged over 72 ultrasound training images, for a range of
values of algorithm settings (B; K; �) with the smallest value highlighted.

4 Results

Fig 6 shows the results of applying the algorithm to the images in Fig 1. These results are
typical of those obtained with the other training images. The algorithm took 2.5 seconds CPU
to �nd each boundary in an ultrasound image, running Fortran77 on a SunUltra5. For the
X-ray CT images, optimal choices of K and � were 20 and 0, respectively, and the set B was
simply de�ned to be all boundaries b that lay inside the sheep.

The algorithm was applied to validation sets of a further 72 ultrasound images and a further
99 X-ray CT images. It was also applied to training and validation data of sheep X-ray CT
images at two other anatomical positions, the ischium and thorax. Fig 7 illustrates the polar
transformations used with the ischium and thorax images and shows typical results. For the
ischium, the centres of the two femurs were located and then the polar centre was taken to be
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(a) (b)

Figure 6: Results for images in Fig 1: (|) denotes automatically-chosen boundaries, (�) some
points on the manually-drawn boundaries; (a) ultrasound scan, (b) X-ray CT lumbar image.

Ultrasound boundary X-ray CT anatomical location
data upper lower lumbar ischium thorax

training 1.41 4.23 1.56 0.75 0.69
validation 1.42 y4.94 1.88 0.80 0.77

Table 2: Root-mean-square di�erences between manually-drawn and automatically-chosen
boundaries in training and validation data sets. (yOne image, shown in Fig 8, has been omit-
ted from this summary: a sheep fatter than any in the training data for which the algorithm
performed particularly poorly on the ultrasound image, detecting the lower boundary with a
root-mean-square error of 64 pixel units.)

the third vertex to form an equilateral triangle, because for this image our aim is to remove the
sex organs. For the thorax, the centre of the sheep was located, and zero angle was determined
as the axis of symmetry of the image.

Table 2 summarises all the results, both for the training and validation data sets. As we would
expect, the �t to the validation data is not quite so good as for the training data, but is still very
good, and that for the ultrasound images is an improvement over that achieved using simpler
methods (Glasbey et al., 1996; Glasbey, 1998), as can be seen from �gures in these papers.
However, there is no guarantee that the algorithm will not occasionally fail spectacularly, as it
did for the lower boundary of an ultrasound image of one sheep, shown in Fig 8. This sheep
was fatter than any in the training data, and the algorithm confused a boundary within the fat
layer with the bottom layer of fat.
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(a) (b)

Figure 7: Polar parameterisations used with X-ray CT images at other anatomical positions on
sheep, together with typical results of algorithm: (|) denotes automatically-chosen boundaries,
(�) some points on the manually-drawn boundaries; (a) ischium, (b) thorax.

Figure 8: Results for an ultrasound scan for which the algorithm performed badly: (|) denotes
automatically-chosen boundaries, (�) some points on the manually-drawn boundaries.
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5 Discussion

The proposed method is computationally eÆcient for �nding a particular class of image bound-
ary, where a boundary intersects each `column' of an image precisely once and the distribution
of pixel values in that column is a�ected by the boundary only to the extent that pixel positions
need to be de�ned relative to this point of intersection. It is also easily calibrated to new data
sets. For example, if we are faced with X-ray CT images of a di�erent breed of sheep, we simply
have to manually segment N images and use these to modify the model parameters.

The method is also open to many generalisations. The prior model could include a constraint
for the boundary to be symmetric, monotonic or unimodal, and could allow the boundary
to be more or less variable in di�erent columns, or we could relax the hard-limits on b, as
discussed in x2. We could also introduce a second-order term involving fbj � 2bj�1 + bj�2g in
(1), such as that used in `snakes' (Kass et al., 1988), for which the minimisation problem could
be solved using a time-delayed shortest path algorithm (Amini et al., 1990), though Buckley
and Yang (1997) also show the bene�ts of working at sub-pixel resolution. For the border
appearance model, a mixture distribution could be used to represent the diversity of physical
shapes in a population of sheep, either by including transformations in the single model or
by partitioning the training images into homogeneous groups and modelling each separately.
The likelihood could be based on transformed pixel values, such as the output from an edge
�lter or histogram-based classi�cation into di�erent tissue types, or could take into account
cross-correlations between pixel values in the same column. However, the model formulation
does not permit us to introduce correlations between pixel values in di�erent columns. The
border appearance model could include a magni�cation factor, which could also be estimated
by dynamic programming, by �nding a path in a higher-dimensional space. Finally, we note
that the dynamic programming algorithm can be modi�ed so that the boundary is constrained
to pass through a �xed point. By varying the point along a column and seeing by how much
F (b) is increased, we gain an indication of how certain our positioning of the boundary is in
this column.
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