TWO-DIMENSIONAIGENERALISAONSOF DYNAMIC
PROGRAMMINGOR IMAGEANALYSIS

ChrisGlaslkey

BioSS

Biomathematicand StatisticsScotland



GENERI®PROBLEM3N IMAGEANALYSIS:IMAGESEGMENATION

Ultrasoundmageof sheep'dack: Identifylayer of fat




3-D IMAGESEGMENATION

X-ray computedomography(CT): Identifyleg muscles



IMAGERESTORAION

log-transfomedSAR(syntheticaperturerada) from EastAnglia,UK

Whatis the true signal?



PLAN

. Introduction

. DynamigorogrammingDP)
. Higher-dimensiongioblems
. Threegeneralisationsf DP

. Results

o ~ W N B+ O

. Summay



1. Dynamigorogramming

Y

Compee data(Y) with templateg*)



1. Dynamigorogramming

Y

Compee data(Y) with templateg? ), to produce:
X i ¢
2
Yij = Yitkij i 'k
k=i K



upper bounday lower bounday

Optimalboundaies(f) min)i(mi%e: |
Ct)=" Y+, fj;0°
J
The globalminimumof C (penalisedikelihad or Bayesianposterio { we
ignae choiceof | ) canbe foundrapidlyby Dynamid’rogramming
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lllustrationof DynamidProgramming:

Find connectegbath from left to right with minimumcost



Oneof 700possiblgaths
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Minimumcostpathsto column2
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Minimumcostpathsto column3



All minimumcostpaths
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Minimumcostin nal column



Tracepathbackto rst column
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Minimumcostpath
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Result: Automaticandhand-drasn boundaies:

(GlasleyandYoung,2002)

Note: DP canbe madi ed for boundaiesthat do not go from left to right
(Dijkstra, 1959)
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2. Higher-dimensiongloblems:3-D CT segmentation

Everysecondmagein sequenceshavinghand-dravn boundaies
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fork=1;:::;K pola + Yij’f’k
surface
We seekthg 2-)[() erface(f) that minimises i
C(f) = Yka;j;k t, 1(fj;k i fji 1;k)2+ , Z(fj;k i fj;ki 1)2

]k
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SAR

To restoe Blge i>rz1agle,_nd f to minimise .
i ¢2 ©. ) al
Ct) = Yioi B T+, A0 fig )+ A iy o)
i o
wheref = 6575::::165 and A(z) = 01z=0

1 otherwise
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3. ThreeGeneralisatiord DP

For illustration . we will minimise

X X hi ¢2 ©. ) al
Ct) = Yioi fij T+, Al i fig ) A figg o)

A) IteratedDP (Leunget al, 2004)

0) Initialisef

1) For eachcolumnj in turn, useDP to minimiseC(f ) w.r.t. f.j, given

currentvarl]luesof all otherf 's, i.e. minimise |
X ) ) ) I
(i i )%+, FAFG 0 fig)+ Ay i fiyy 0+ Alfyj i fijea)g

2) Apply(1) to rows
3) Reeat (1) and(2) until convergence
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An alternativaalgaithm: lteratedConditionaModes(ICM { Besag,1986)
0) Initialisef

1) For eachpixel(l; j) in turn, minimiseC(f ) w.r.t. T, givencurrent
valuesof all otherf 's, i.e. minimise

(i i fi)+, FAFG i fioo)+ Ay i Fieg) + Ay i figi 0+ Al i fije)g

2) Repeat (1) until convergence

Note: iteratedDP is a block-uglatingversiorof ICM
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Initialisef =Y ICM IDP

C =885 C =515
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Initialisef =Y ICM IDP

C = 885 C = 515
= m £ m medianlter

C=553(m=235 C =466(m=9)
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Simulatecannealing

Pixel-ly-pixelGibbssamplingcanbe usedto simulatea Markov chainthat
hasa limit distributiony el ©(F)=T

SimulatedannealingT & 0) leadsto the globaloptimum

(Kirkpatricket al, 1983)

0) Initialisef andsetT = Tg

1) For eachpixel(i; j ) in turn, samplefj with probabiliy / e ©()=T,
givencurrentvaluesf all otherf 's, i.e. sampldrom

3

1 ) i ) i 5
/ exp i ? (YIJ i fij)2+, fA(fij i fiil;j)'l'A(fij [ fi+1;j)+A(fij [ fi;jil)'l'A(fij [ fi;j+1)g

2) Reducd & ®T, andre

eat(l) until f unchanged

SAR:Tg = 1® and ®suchthatf# iterationg' 2% 27:::
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Insteadbf simulatecannealingisingpixel-ly-pixelsamplingcanwe sample
all the elementsn a columnsimultaneouslypy makingDP stochastic?

YES

Thereis an algaithm, calledthe forward-backwrds Gibbssampler(FB)
that allovsusto samplea column .j, with probabiliy / e ©(1)=T
(Eddy 1995;Scott, 2002)
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P
How to samplgrom pathswith probabiliy / e~ COSt

e X = (d 2+ ¢ 4+ g g 4= ¢ 4651
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Regatfor all columnsn turn
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Sampldrom nal column
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Considepptionsfor precedingolumn
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Sampldrom precedingolumn
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Regatfor all columnsn turn
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Samplegath
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B) Forward-Backwrdssampler simulatecannealing

0) Initialisef andsetT = Tg

1) For eachcolumnj inturn, useFB to sampld ;; with probabiliy

| e CH=T givencurrentvaluef all otherf 's, i.e. samplerom
1X , , ,
[ exp i T (i i Fi)°+  FAFG i Fipog)+ Al i figi 0+ Ay i fijea)g

,H#
i

2) Apply(1) to rows
3) Reducd & ®T, andrepeat(1) and(2) untilf unchanged

Note: Thisis a form of block-uglatingGibbssampler
(Rolkertsand Sahu,1997)
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C) StochasticlDP

0) Initialisef andsetT = Tg
1) Simulategj ¢ » U[GT] foralli;j;f
Then, for eachcolumnj in turn, useDP to minimiseC(f ;€) w.r.t. f;,

giv)e(n%urrentvaluemf all otherf 's, i.e. minimise

(i i fi) +epn, +, FARG i fiag) + Ay i figi 0+ Ay i fijaa)g

2) Apply(1) to rows
3) Reducd & ®T, andre

eat(1l) and(2) until f unchanged

SAR:Tg = 10 and ®suchthatf# iterationg' 2527:::
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4. Results
original ICM (C = 553

IDP (C = 469 best(C = 43§
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CT: Resultdrom iteratedDP

automaticandhand-dravn boundaies

41



5. Summsay

DynamigrogrammingDP) is a fast, eleganimethal for ndingthe global
solutionto a classof optimisatiomroblemsincludingsegmentatioonf 2-D
Images.

However,it cannotbe usedmae generallyfor imagerestoation and 3-D
segmentation.

We considere® generalisatiors DP:
2 |teratedDP
2 Forward-Backwrdssample(FB) + simulatedannealindSA)

2 StochasticlDP
andcompaedthemwith
2 ICM

2 pixel-ly-pixelSA

In SARapplicationstochasticlDP perfamedbest,thoughit lacksa
theaeticalbasis.Furtherwork is neededo compae the algaithms
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