
TWO-DIMENSIONALGENERALISATIONSOF DYNAMIC
PROGRAMMINGFORIMAGEANALYSIS

ChrisGlasbey

BiomathematicsandStatisticsScotland



GENERICPROBLEMSIN IMAGEANALYSIS:IMAGESEGMENTATION

Ultrasoundimageof sheep'sback:Identifylayer of fat

)
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3-D IMAGESEGMENTATION

X-ray computedtomography(CT): Identifylegmuscles

)
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IMAGERESTORATION

log-transformedSAR(syntheticapertureradar) fromEastAnglia,UK

What is the true signal?
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1. Dynamicprogramming

Y ¹

Compare data(Y) with templates(¹ )
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1. Dynamicprogramming

Y ¹

Compare data(Y) with templates(¹ ), to produce:

Y¤
i;j =

KX

k=¡ K

¡
Yi+k;j ¡ ¹ k;j

¢2
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Y¤

upper boundary lower boundary

Optimalboundaries(f ) minimise:

C(f ) =
X

j

h
Y¤

f j ;j + ¸ (f j ¡ f j ¡ 1)
2
i

The globalminimumof C (penalisedlikelihood or Bayesianposterior { we
ignore choiceof ¸ ) canbe foundrapidlyby DynamicProgramming
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Illustrationof DynamicProgramming:

Findconnectedpath from left to right with minimumcost
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Oneof 700possiblepaths
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Minimumcostpathsto column2
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Minimumcostpathsto column3
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All minimumcostpaths
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Minimumcostin ¯nal column
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Tracepathbackto ¯rst column
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Minimumcostpath
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Result:Automaticandhand-drawn boundaries:

(GlasbeyandYoung,2002)

Note: DP canbe modi¯ed for boundariesthat do not go from left to right
(Dijkstra,1959)
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2. Higher-dimensionalproblems:3-D CT segmentation

Everysecondimagein sequence,showinghand-drawn boundaries
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)
for k = 1; : : : ; K polar + Y ¤

ij k

surface
We seekthe 2-D surface(f ) that minimises

C(f ) =
X

j

X

k

h
Y¤

f j k;j ;k + ¸ 1(f j ;k ¡ f j ¡ 1;k)2 + ¸ 2(f j ;k ¡ f j ;k¡ 1)
2
i
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SAR

To restore the image,̄ nd f to minimise

C(f ) =
X

i

X

j

h¡
Yij ¡ f ij

¢2 + ¸
©

Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i;j ¡ 1)
ª i

wheref = 65; 75; : : : ; 165 and Á(z) =
½

0 if z = 0
1 otherwise
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3. ThreeGeneralisationsof DP

For illustration,we will minimise

C(f ) =
X

i

X

j

h¡
Yij ¡ f ij

¢2 + ¸
©

Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i;j ¡ 1)
ª i

A) IteratedDP (Leunget al, 2004)

0) Initialisef

1) For eachcolumnj in turn, useDP to minimiseC(f ) w.r.t. f :j , given
currentvaluesof all otherf 's, i.e. minimise

X

i

h
(Yij ¡ f ij )2 + ¸ f Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i;j ¡ 1) + Á(f ij ¡ f i;j +1 )g

i

2) Apply(1) to rows

3) Repeat (1) and(2) until convergence
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An alternativealgorithm: IteratedConditionalModes(ICM { Besag,1986)

0) Initialisef

1) For eachpixel (i; j ) in turn, minimiseC(f ) w.r.t. f ij , givencurrent
valuesof all otherf 's, i.e. minimise

(Yij ¡ f ij )2 + ¸ f Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i+1;j ) + Á(f ij ¡ f i;j ¡ 1) + Á(f ij ¡ f i;j +1 )g

2) Repeat (1) until convergence

Note: iteratedDP is a block-updatingversionof ICM
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initialisef = Y ICM IDP

C = 885 C = 515
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initialisef = Y ICM IDP

C = 885 C = 515
= m £ m median̄ lter

C = 553(m = 35) C = 466(m = 9)
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Iterations

C
(f

)

10 100 1000 10000

45
0

50
0

55
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CPU (sec)

C
(f

)

1 10 100 1000 10000

45
0

50
0

55
0 ICM

IDP
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Simulatedannealing

Pixel-by-pixelGibbssamplingcanbe usedto simulatea Markov chainthat
hasa limit distribution/ e¡ C(f )=T

Simulatedannealing(T & 0) leadsto the globaloptimum
(Kirkpatricket al, 1983)

0) Initialisef andsetT = TS

1) For eachpixel(i; j ) in turn, samplef ij with probability / e¡ C(f )=T,
givencurrentvaluesof all otherf 's, i.e. samplefrom

/ exp
·
¡

1
T

³
(Yij ¡ f ij )2 + ¸ f Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i+1;j ) + Á(f ij ¡ f i;j ¡ 1) + Á(f ij ¡ f i;j +1 )g

´ ¸

2) ReduceT & ®T, andrepeat (1) until f unchanged

SAR:TS = 105 and ® suchthat f # iterationsg ' 28; 29: : :
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Iterations

C
(f

)

10 100 1000 10000

45
0
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0

55
0 ICM

IDP

SA
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C
(f
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1 10 100 1000 10000

45
0

50
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55
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SA
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Insteadof simulatedannealingusingpixel-by-pixelsampling,canwe sample
all the elementsin a columnsimultaneously, by makingDP stochastic?

YES

Thereis an algorithm, calledthe forward-backwards Gibbssampler(FB)
that allowsusto samplea column,f :j , with probability / e¡ C(f )=T

(Eddy, 1995;Scott,2002)
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How to samplefrompathswith probability / e¡
P

cost

e¡ X = (e¡ 2 + e¡ 4 + e¡ 1)e¡ 4 = e¡ 4:651
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Repeat for all columnsin turn
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Samplefrom¯nal column
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Consideroptionsfor precedingcolumn
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Samplefromprecedingcolumn
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Repeat for all columnsin turn
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Sampledpath
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B) Forward-Backwardssampler+ simulatedannealing

0) Initialisef andsetT = TS

1) For eachcolumnj in turn, useFB to samplef :j with probability
/ e¡ C(f )=T, givencurrentvaluesof all otherf 's, i.e. samplefrom

/ exp

"

¡
1
T

X

i

³
(Yij ¡ f ij )2 + ¸ f Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i;j ¡ 1) + Á(f ij ¡ f i;j +1 )g

´
#

2) Apply(1) to rows

3) ReduceT & ®T, andrepeat (1) and(2) until f unchanged

Note: This is a form of block-updatingGibbssampler
(RobertsandSahu,1997)
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Iterations

C
(f
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C) StochasticIDP

0) Initialisef andsetT = TS

1) Simulateeij f » U[0; T] for all i; j ; f

Then, for eachcolumnj in turn, useDP to minimiseC(f ; e) w.r.t. f :j ,
givencurrentvaluesof all otherf 's, i.e. minimise

X

i

h
(Yij ¡ f ij )2 +eij ;f ij + ¸ f Á(f ij ¡ f i ¡ 1;j ) + Á(f ij ¡ f i;j ¡ 1) + Á(f ij ¡ f i;j +1 )g

i

2) Apply(1) to rows

3) ReduceT & ®T, andrepeat (1) and(2) until f unchanged

SAR:TS = 107 and ® suchthat f # iterationsg ' 28; 29: : :
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Iterations

C
(f

)

10 100 1000 10000
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4. Results
original ICM (C = 553)

IDP (C = 466) best(C = 438)
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CT: Resultsfrom iteratedDP

automaticandhand-drawn boundaries
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5. Summary

Dynamicprogramming(DP) isa fast,elegantmethod for ¯nding theglobal
solutionto a classof optimisationproblems,includingsegmentationof 2-D
images.

However,it cannotbe usedmore generallyfor imagerestoration and3-D
segmentation.

We considered3 generalisationsof DP:

² IteratedDP

² Forward-Backwardssampler(FB) + simulatedannealing(SA)

² StochasticIDP

andcomparedthemwith

² ICM

² pixel-by-pixelSA

In SARapplication,stochasticIDP performedbest,thoughit lacksa
theoreticalbasis.Furtherwork is neededto compare the algorithms
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