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Summary
The first stage in the analysis of cDNA microarray data is estimation of the level of expression of each
gene, from laser scans of hybridised microarrays. Typically, data are used from a single scan, although,
if multiple scans are available, there is the opportunity to reduce sampling error by using all of them.
Combining multiple laser scans can be formulated as multivariate functional regression through the origin.
Maximum likelihood estimation fails, but many alternative estimators exist, one of which is to maximise
the likelihood of a Gaussian structural regression model. We show by simulation that, surprisingly, this
estimator is efficient for our problem, even though the distribution of gene expression values is far from
Gaussian. Further, it performs well if errors have a heavier tailed distribution or the model includes intercept
terms, but not necessarily in other regions of parameter space. Finally, we show that by combining multiple
laser scans we increase the power to detect differential expression of genes.

Key words: Factor analysis, Measurement error, Mixture distribution, Moment estimator, Structural regres-
sion.

1 Introduction
Microarrays have revolutionised post-genomic biology, by facilitating the monitoring of expression activi-
ties of thousands of genes simultaneously, in spite of generating notoriously noisy data (see, for example,
Speed, 2003). cDNA microarrays are a common platform in academia: DNA corresponding to specific
genes are printed as spots on a glass slide, which is then hybridised with either one or two biological
samples labelled with fluorescent dyes, and the microarray is digitally scanned at the corresponding wave-
lengths of the fluors. It is standard practice to scan at several laser settings, but then to use data from a
single scan in subsequent analysis. Although scanner noise is only one of many sources of variability in
microarray data, when multiple scans are available it makes sense to combine them in order to minimise
scanner effects: it is a cost-free gain in precision.

To illustrate, Figure 1 shows measured intensities of n = 7543 genes from each of m = 4 laser scans
of one channel in a cDNA experiment, designed to examine the effects of ingestion of apoptotic cells on
murine macrophage gene expression. These data were produced by QuantArray (GSI Luminomics, 1999),
using the average of pixels between the 80th and 95th percentiles contained in a 25 by 25 square centred
on each gene spot. (These percentiles were used because spots were approximately 14 pixels in diameter,
and so corresponded to the upper 25% of the distribution of pixel values in the gridded square.) We have
restricted attention to genes for which the linearity of the relationship is not affected by censoring of signal
at the upper limit of 65535 or by occasional outliers (see Khondoker et al., 2006). We see that there is a
linear proportional relationship between data from different scans, where the magnitudes of the slopes are
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due to the relative gain settings of the laser scans, and scanner variability appears constant for each scan
but differs between scans. (Other sources of variability affecting microarray data are multiplicative, but
until §4 we are solely concerned with scanner effects and therefore do not make use of the commonly used
log-transform for analysing microarray data.) Therefore, we propose as a model,

Yij ∼ N(µiβj , σ
2
j ) for i = 1 . . . n, j = 1 . . .m, (1)

where Yij denotes the measured response of gene i in scan j, µi the expression level for gene i, βj the gain
setting in laser scan j and σ2

j the variance of the measurement error in scan j. To ensure identifiability,
we set β1 ≡ 1 because this is simple to implement, though an alternative such as βTβ ≡ 1 would have
preserved the symmetry among the scans. In earlier work (Khondoker et al., 2006), where we analysed
data affected by censoring, we had to use a nonlinear relationship and could not separately identify each of
the σs.

To avoid the well known identifiability problem of functional relationships, models like (1) are often
estimated assuming the µs follow a certain probability distribution, Gaussian in particular, in which case it
is termed a structural relationship. However, we wish to estimate the µs, without assuming they have arisen
from a specific distribution. In particular, we see in Figure 1 that the distribution is highly right skewed, so
a Gaussian is inappropriate. We have, therefore, a functional regression problem, in m dimensions without
intercept terms (see, for example, Anderson, 1984). This, and very similar models, arise in many guises
in the statistical literature: it is a special case of an ultrastructural relationship (Morton, 2006); a factor
analysis model with only one factor (Krzanowski and Marriott, 1995, ch. 12), specifically a Non-Gaussian
Factor Analysis model (Liu et al., 2004); an instrumental- or latent-variable model (Bartholomew and
Knott, 1999); and an errors-in-variables or measurement error model (Cheng and Van Ness, 1999; Dunn,
2004; Carroll et al., 2006).

Maximum likelihood, and minimum variance unbiased, estimators of the gene expression levels are
given by:

µ̂i =

m
∑

j=1

Yijβj

σ2
j

/

m
∑

j=1

β2
j

σ2
j

for i = 1 . . . n. (2)

If we had assumed the µs were random variables from a specific distribution, then alternative, shrinkage-
type estimators could have been derived. In the absence of such assumptions, we will restrict attention to
(2) throughout this paper. The variances of the estimators are given by:

var(µ̂) = 1

/

m
∑

j=1

β2
j

σ2
j

, (3)

whereas, if scan j alone had been used to estimate the µs, the variances would be σ2
j /β

2
j . However, before

we can apply (2) to average across scans, the βs and σs also need to be estimated. Functional regression
is a non-standard problem for maximum likelihood, as the number of parameters increases proportionally
with sample size, and estimation fails, because the likelihood has a singularity as σj → 0 for any j. (Even
if we follow Copas (1972) in taking account of rounding errors, the likelihood has a local maximum as
σj → 0.) However, all parameters are estimable for m ≥ 2 using alternative methods. In §2 we present
several methods, which we then evaluate in a simulation study in §3. We return to the application in §4.
Finally, in §5 we discuss the results and extensions.

2 Estimation methods
In the absence of standard maximum likelihood theory, we are faced with a large number of alternative
ways to estimate the βs and σs. One approach is through the use of moment estimators, and we consider
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Fig. 1 Plot of measured responses of gene i = 1, . . . , 7543 from laser scans 2, 3 and 4 (Yi2, Yi3, Yi4) against that
from laser scan 1 (Yi1) for a murine macrophage experiment.

several alternatives in §2.1. Another approach, presented in §2.2, is to eliminate the µs by taking differences
between Y s, then maximise a pseudo-likelihood. A third approach is to modify the likelihood to obtain
consistent estimators, and this we consider in §2.3. Finally, in §2.4 we model the distribution of µs by a
Gaussian mixture, allowing us to obtain a lower bound on the variances of optimal estimators.

2.1 Moment estimators

One way to attempt to estimate the βs and σs is by matching observed and expected moments of Y . For
example, we could minimise the sum of squares of differences between observed and expected second
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moments, either non-centred:

argmin
β,σ,µ2

[

trace
{

(

Y TY

n
− µ2ββT − diag{σ2

1 , . . . , σ
2
m}

)2
}]

, (4)

or centred:

argmin
β,σ,τ

[

trace
{

(

(Y − Ȳ )T (Y − Ȳ )

n− 1
− τ2ββT − diag{σ2

1 , . . . , σ
2
m}

)2
}]

. (5)

Here, Ȳ denotes an n×m matrix with

Ȳij =
1

n

∑

k

Ykj , for i = 1 . . . n, j = 1 . . .m, and µ2 =
1

n

∑

i

µ2
i τ

2 =
1

n− 1

∑

i

(µi − µ̄)2.

In either (4) or (5), there are 2m parameters to estimate, which are equalled or exceeded by the 1
2m(m+1)

second moment terms provided m ≥ 3. In particular, if m = 3, estimation reduces to equating all
terms. It can be shown that the estimators are consistent provided µ2 and τ converge to finite limits as
n → ∞. Krzanowski and Marriott (1995) discuss (5) as a criterion for fitting factor analysis models,
particularly if the µs are not Gaussian distributed. They also consider weighted modifications to the sum
of squares, and present a fitting algorithm which alternates between solving simultaneous equations and
finding eigenvectors of a particular matrix.

First moments can also be used in the estimation procedure, to allow model fitting even in the case
m = 2. Iles (2006, personal communication) proposed estimating the βs using ratios of first moments:

β̂j =
∑

i

Yij

/

∑

i

Yi1 for j = 1 . . .m. (6)

The remaining parameters can then be estimated, for example by using second moment information in
either (4) or (5).

2.2 Pairwise differences
Standard maximum likelihood theory fails to apply in model (1) because the number of parameters in-
creases in proportion to the sample size. One way to circumvent this difficulty is to eliminate the µs from
the model, akin to the approach taken to derive residual maximum likelihood estimators. For example:

(

Yij −
βj

βk

Yik

)

≡ Zijk ∼ N(0 , ω2
jk), where ω2

jk ≡ σ2
j +

β2
j

β2
k

σ2
k for all j 6= k,

does not involve µ. We can estimate the βs and σs by maximising the product of likelihoods of all Z’s, a
form of pseudo-likelihood:

argmax
β,σ







∏

j 6=k

∏

i

1

ωjk

exp

[

−
Z2

ijk

2ω2
jk

]







. (7)

However, this way of eliminating the µs is not unique. So, to assess whether the choice is important, we
also considered, as an alternative, terms of the form (βkYij −βjYik), and maximise the pseudo-likelihood:

argmax
β,σ







∏

j>k

∏

i

1
√

β2
kσ

2
j + β2

j σ
2
k

exp

[

− (βkYij − βjYik)2

2(β2
kσ

2
j + β2

jσ
2
k)

]







, (8)

where we need only sum over j > k because j and k enter expressions symmetrically.
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2.3 Gaussian structural model
Chan and Mak (1983) showed maximum likelihood estimators to be inconsistent in a variant of model (1)
including intercept terms α:

Yij ∼ N(αj + µiβj , σ
2
j ). (9)

They proposed alternative, consistent estimators which they showed to be identical to maximum likelihood
estimators for the Gaussian structural model with µi ∼ N(ν, τ2), and hence with Yi. ≡ (Yi1, . . . , Yim)
having an m-dimensional Gaussian distribution:

Yi. ∼ Nm(α+ νβ , τ2ββT + diag{σ2
1 , . . . , σ

2
m}). (10)

Theobald and Mallinson (1978) had earlier proposed using this same likelihood, and Morton (1981) had
considered similar estimators for a more general model involving ultrastructural relationships.

We can adapt Chan and Mak (1983) to model (1) by maximising the likelihood of (10) with the αs
omitted:

arg max
β,σ,ν,τ

(

Y

i

1

|τ2ββT + diag{σ2

1
, . . . , σ2

m}|
1

2

exp

»

−
1

2
(Yi. − νβ)T (τ2ββT + diag{σ2

1 , . . . , σ2

m})−1(Yi. − νβ)

–

)

.

(11)

If we set ν ≡ 0, we obtain estimators analogous to non-centred second moments (4), but with a different
cost function:

argmax
β,σ,τ

{

∏

i

1

|τ2ββT + diag{σ2
1 , . . . , σ

2
m}| 12

exp

[

−1

2
Y T

i. (τ2ββT + diag{σ2
1 , . . . , σ

2
m})−1Yi.

]

}

.

(12)

If m = 3, this again reduces to equating all second moment terms. Either (11) or (12) is a factor analysis
model with a single factor, and the algorithm of Jöreskog (1967) can be used. If the distribution of values
of µ were compatible with a Gaussian, then we would expect these estimators to be reasonably efficient.
But what happens when the µs are far from a Gaussian distribution, as in our case?

2.4 Gaussian mixture distribution
We can obtain efficient estimators, against which to calibrate alternatives, in the situation where the µs are
independent realisations from a probability distribution with density function p(µ). We realise that this
is inconsistent with our earlier stated wish ‘to estimate the µs, without assuming they have arisen from
a specific distribution’ but, unfortunately, we cannot think of any other way to put lower bounds on the
variances of estimators. The probability density of Yi. is

p(Yi.) =

∫ m
∏

j=1

1

σj

φ

(

Yij − µβj

σj

)

p(µ)dµ, (13)

where φ denotes the standard Gaussian probability density function. If p(µ) is known then we can, at
least in principle, obtain super-efficient estimators of the βs and σs by maximising (13). We use the prefix
‘super’ because the estimators will have smaller variances than any estimators for which the µ-distribution
is unknown. However, evaluation of (13) requires numerical integration except in special cases, one of
which is where p(µ) is a mixture of Gaussian distributions. This is not restrictive, as any continuous
distribution can be so approximated. We assume

µ ∼ N(νk , τ
2
k ) with probability πk for k = 1, . . . ,K, (14)
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j β̂j σ̂j

1 1.00 27.0
2 1.56 30.6
3 2.75 49.6
4 4.29 149.5

Table 1 Parameter estimates for functional regression model (1) fitted to data in Figure 1 using non-centred second
moments criterion (4).

number of log-
components likelihood

1 −53249
2 −49759
3 −48628
4 −48320
5 −48156
6 −48156
7 −48156

Table 2 Maximum values of log-likelihood for different numbers of components in mixture distribution for µs (14),
estimated by maximum likelihood using µ̂s from (2).

from which it follows that Yi. is a mixture of m-dimensional Gaussians. We can estimate βs and σs with
super efficiency by maximising the likelihood of the Yi.s assuming all parameters in (14) are known:

arg max
β,σ

(

Y

i

 

X

k

πk

|τ2

k
ββT + diag{σ2

1
, . . . , σ2

m}|
1

2

exp

»

−
1

2
(Yi. − νkβ)T (τ2

k ββT + diag{σ2

1 , . . . , σ2

m})−1(Yi. − νkβ)

–

!)

.

(15)

This has similarities with the nonparametric approach of Aitkin and Rocci (2002). However, we are not
proposing it as a practical method, but rather using it to provide a lower bound on what is achievable by
any other method.

3 Simulation study
We conducted a simulation study to compare the efficiencies of the nine estimators proposed in §2, us-
ing the data in Figure 1 to identify appropriate values for parameters. We estimated the βs and σs from
non-centred second moments (4). For numerical optimisation we used Nelder-Mead’s algorithm, as im-
plemented in DU2POL (IMSL, 1997), notwithstanding the existence of tailored algorithms for this specific
problem. Table 1 shows the results. We then estimated the µs using (2) and fitted Gaussian mixture dis-
tributions (14) for different numbers of components, K. From multiple, random starts of the numerical
optimisation algorithm, Table 2 shows the maximised log-likelihoods. We see that increasing K beyond
5 does not improve the fit. Table 3 shows parameter estimates for K = 5 and Figure 2 shows the fit to
the empirical cumulative distribution function, with µ plotted on a log-scale. We see that the fit is excel-
lent, except perhaps for a slight misfit of the left tail. However, in order for conclusions drawn from the
simulation study to be applicable to the real data it will suffice for the mixture model to approximate the
truth. We note that the asymmetry evident in Figure 2 indicates that a log-normal distribution would not
have given such a good fit, nor would it be as convenient to use as a Gaussian mixture because evaluation
of (13) would then require numerical integration.
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k ν̂k τ̂k π̂k

1 320 48 0.25
2 453 90 0.27
3 808 241 0.28
4 1530 536 0.17
5 3379 1632 0.03

Table 3 Parameter estimates for mixture of five Gaussian distributions for µs (14), estimated by maximum likelihood
using µ̂s from (2).

106×rmse 103×rmse rmse
Estimation method

β̂2 β̂3 β̂4 σ̂1 σ̂2 σ̂3 σ̂4 µ̂
non-centred 2nd moments (4) 562 961 2110 344 507 920 1389 11.3000

or centred (5) 826 1406 3003 344 507 920 1389 11.3042
1st and 2nd moments (4) + (6) 768 1316 2858 13002 18210 30121 31226 258.9298

or (5) + (6) 768 1316 2858 12907 18216 30045 31024 760.4327
pairwise differences (7) 601 1073 2351 270 398 707 1392 11.2993

or (8) 2856 5075 7516 274 398 706 1392 11.4220
Gaussian structural model (11) 562 961 2109 269 396 707 1389 11.2978

or with ν ≡ 0 (12) 562 962 2110 269 396 707 1390 11.2978
known Gaussian mixture (15) 563 961 2115 269 395 701 1387 11.2977

Table 4 Root-mean-square error (rmse) for each parameter estimate using nine estimation methods to fit model (1)
to 1000 simulated data sets.

We generated 1000 independent data sets, by first simulating sets of values of µ from the Gaussian
mixture distribution, then simulatingY s. We then estimated the βs and σs using the nine methods presented
in §2 and the µs using (2). In all cases we used Nelder-Mead’s algorithm for numerical optimisation (IMSL,
1997). Results are summarised by root-mean-square errors (rmses) in Table 4.

The ratio method (6) led to appreciable downward bias in σ̂s and the second pairwise method (8) to
downward bias in β̂s, and these are reflected in inflated rmses for these methods. The remaining methods
were approximately unbiased. The final method, (15), is super-efficient, and so gives a lower bound on
what is achievable by any other method, and hence a lower bound on efficiencies. We see that the most ef-
ficient estimates are the Gaussian structural ones, (11) and (12). The non-centred second moments method
(4) is less efficient at estimating the σs, whereas the first pairwise differences method (7) is less efficient at
estimating the βs. The remaining moment-based methods are less efficient at estimating all the parameters.
However, all methods except those that use 1st moments estimate the µs with almost identical precision,
which is very close to the standard deviation of 11.2843 obtained from (3) with known values of the βs
and σs, and considerably smaller than the standard deviations of 27.0, 19.6, 18.1 and 34.8 from using each
of scans 1 to 4 alone. Note, for these data, scan 3 appears to give the most precise estimates of µ, and four
repeats of this scan would have reduced the standard deviation to 9.0.

We extended the simulation study to assess the robustness of our conclusions to the choice of model
and parameter values. We simulated data from a t-distribution with 4 degrees of freedom, chosen because
it has a much heavier tail than the Gaussian but still possesses a finite variance:

Yij ∼ t4(µiβj , σ
2
j ) for i = 1 . . . n, j = 1 . . .m. (16)
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Fig. 2 Empirical (—) and fitted (- - -) cumulative distribution functions for gene expression levels (µ) plotted on a log-
scale. The empirical distribution is based on µ̂s obtained from (2) and the fit is a mixture of five Gaussian distributions
with parameter estimates given in Table 3.

We estimated parameters as before, but considering only the best methods. Table 5 shows the results,
which are very similar to those in Table 4, except that the σs are estimated less precisely by all methods.
Again, the Gaussian structural estimators appear to be as efficient as fitting a known Gaussian mixture,
although neither method is likely to be fully efficient when error distributions have heavy tails.

To assess whether the efficiencies are sensitive to the lack of an intercept term, Gaussian structural
and Gaussian mixture estimators were obtained for model (9), including intercept terms α. Table 6 gives
the results, from which we see that now the βs are estimated less precisely than in Table 4, but Gaussian
structural estimators remain efficient. Finally, we repeated the simulation study with all the σs inflated
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106×rmse 103×rmse rmse
Estimation method

β̂2 β̂3 β̂4 σ̂1 σ̂2 σ̂3 σ̂4 µ̂
non-centred 2nd moments (4) 581 973 2049 1302 842 1440 3942 11.2799

pairwise differences (7) 638 1105 2272 1279 780 1357 3939 11.2799
Gaussian structural model (11) 581 973 2048 1278 779 1353 3939 11.2781

or with ν ≡ 0 (12) 581 973 2049 1279 779 1353 3939 11.2782
known Gaussian mixture (15) 581 973 2050 1278 774 1352 3936 11.2781

Table 5 Root-mean-square errors using best estimation methods to fit model with errors from t4 distribution (16).

103×rmse 106×rmse 103×rmse
Estimation method

α̂2 α̂3 α̂4 β̂2 β̂3 β̂4 σ̂1 σ̂2 σ̂3 σ̂4

Gaussian structural model (11) 889 1514 3199 826 1404 3003 270 396 707 1390
known Gaussian mixture (15) 868 1476 3171 819 1395 2987 269 395 702 1387

Table 6 Root-mean-square errors using better estimation methods to fit model with intercept terms.

105×rmse 102×rmse rmse
Estimation method

β̂2 β̂3 β̂4 σ̂1 σ̂2 σ̂3 σ̂4 µ̂
non-centred 2nd moments (4) 579 998 2145 344 507 920 1389 112.9952

pairwise differences (7) 2292 4742 8972 271 393 701 1565 114.4242
Gaussian structural model (11) 571 979 2128 268 392 696 1382 112.9690

or with ν ≡ 0 (12) 571 979 2126 269 396 706 1390 112.9702
known Gaussian mixture (15) 537 909 2071 254 344 609 1345 112.9505

Table 7 Root-mean-square errors using better estimation methods to fit model with 10 × σs.

by a factor of 10. Table 7 gives the results. The ranking of efficiencies among the methods remains as
before, with both Gaussian structural methods performing better than either the 2nd moments or pairwise
differences method, but rmse’s of β̂ and σ̂s are noticeably smaller using the Gaussian mixture method. We
conclude that, although the Gaussian structural estimators are efficient for the region of parameter space
appropriate for our data, this does not hold for all values of parameters.

4 Application

The purpose of the murine macrophage experiment was to compare two biological samples, measured by
laser scanning the microarray at two frequencies, of which one channel is shown in Figure 1. Denote the
data in the two channels by Y (1) and Y (2). Figure 3(a) shows an MA-plot of the two channels for scan
1: the log-ratio or log-difference between the channels, log(Y (1)/Y (2)) ≡ log(Y (1)) − log(Y (2)), plotted
against the log-average, 1

2 [log(Y (1)) + log(Y (2))] (see, for example, Speed, 2003, p. 24). Also shown is
the fit of a nonparametric function to the data, a lowess curve, commonly used to remove systematic trends
between channels (Speed, 2003, p. 26). We see that, on a log-transformed scale, variances appear to be
approximately constant.
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Fig. 3 Two channels from the murine macrophage experiment: (a) MA-plot showing the log-ratio between channels
against the log-average for scan 1, together with a lowess fit; (b) power curves for genes with a log-expression level
of 6, (—) using scan 1 data alone, (- - -) scans 1 to 4 combined.

The residual standard deviation after the lowess fit is ψ = 0.191, from which we can compute the power
of scan 1 alone to detect differences between expression levels in the two channels, given a test with a false
rejection rate of 5%, say. If the expected log-ratio between channels is denoted by ξ, then the probability
of detection is:

P (|x| > 1.96 | x ∼ N(ξ, ψ2)) = Φ

(

ξ

ψ
− 1.96

)

+ 1 − Φ

(

ξ

ψ
+ 1.96

)

, (17)

where Φ denotes the standard normal integral. This probability, as a function of ξ, is plotted as the solid
line in Figure 3(b).

By combining laser scans we can increase this power. For example, if we consider genes for which the
average log-expression level is 6, then the variance of the between-channel ratio is approximately

(e6 × 0.191)2 = 5937.

Of this variance, one component

2× σ2
1 = 2 × 27.02 = 1458

is due to scanner variability. We have seen that by combining the four scans the rmse is reduced to 11.3.
Therefore the variance of the between-channel ratio is reduced to

5937− 1458 + (2 × 11.3)2 = 4735.

The dashed line in Figure 3(b) shows the corresponding power curve, using ψ =
√

4735/e6 ≡ 0.171 in
(17). For example, we see that, using scan 1 alone, the expected log-ratio in expression levels has to be
0.37 to have a 50% chance of detection, whereas this reduces to 0.33 if we combine data from four scans.
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5 Discussion
Combining multiple laser scans of cDNA microarrays, in the absence of effects of censoring and outliers,
can be viewed as a functional regression problem. Maximum likelihood cannot be used to fit such mod-
els, but many alternative estimators exist. We have obtained the surprising result that fitting a seemingly
inappropriate Gaussian structural model leads to efficient estimators in the region of parameter space ap-
propriate for our data. Further, we show that these estimators continue to perform well if errors have a
heavier tailed distribution or the model includes intercept terms, but are less efficient if error variances are
larger. All other methods we considered were less efficient at estimating either the βs or the σs. However,
almost all methods estimated the µs efficiently, and these are the parameters of principal interest.

Finally, we showed that by combining multiple laser scans we increased the power to detect differential
expression of genes. We note that similar gains would have been achieved if the multiple scans had instead
been at a single laser setting and, moreover, estimation would have been simpler. However, scanning at
several laser settings is a more robust experimental procedure, given that the best setting is not known
beforehand.

We have restricted attention to the specifics of our application. In regions of parameter space where
Gaussian structural estimators are less than fully efficient, such as those considered in Table 7, it remains
to be determined whether more efficient estimators exist. For example, is it possible to estimate parameters
in a mixture distribution for the µs simultaneously with fitting a functional regression model? Also, the
challenge remains to combine the methods given here with those in Khondoker et al. (2006) and fit a
nonlinear functional model to microarray data affected by censoring.
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