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Abstract

A method is proposed for e�ciently computing moving average �lters in regular octagonal
windows, as approximations to circular windows. The algorithm requires thirteen operations
per pixel irrespective of window size and is faster than existing Fourier-based and recursive
methods for all but the smallest windows. Further, new variance-weighted nonlinear �lters are
introduced, based on moving average �lters. They are shown to smooth speckly images more
e�ectively than existing �lters.
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1 Introduction

Moving average �lters are e�ective in smoothing noisy images, can be computed very quickly,
and have well-understood mathematical properties. They are also building blocks from which
other �lters can be constructed. For example, Wells (1986) approximated Gaussian �lters as
convolutions of moving averages, Ferrari et al (1987) used B-splines to construct recursive im-
plementations of linear �lters, and Tomita and Tsuji (1977) and Lee (1981) proposed adaptive,
nonlinear �lters based on the moving average.

In one-dimensional signal processing, the moving average �lter operates by replacing each data
point by the arithmetic average of data values in an interval. It can be e�ciently computed
using a recursive algorithm: as the interval slides along the series of data points, the sum is
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updated by adding to it the next data point encountered and subtracting the data point at the
trailing end of the interval. Therefore, only two additions and one division are required per
observation, irrespective of interval length. In two-dimensional image processing the arithmetic
average is computed within a window. If this window is square or rectangular in shape then
the �lter is separable into two orthogonal one-dimensional moving sum �lters: �rst the moving
sum is applied along each row of the image and then it is applied down each column of the
resulting image. The division by the area of the window takes place during the second pass.
Only four additions and one division are required per observation, irrespective of window size
(see McDonnell, 1981; Haralick and Shapiro, 1992, p304).

In some image processing applications it is preferable to compute the moving average �lter
in a non-rectangular window. In particular, for a rotationally invariant (i.e. isotropic) �lter,
the window should be circular, at least to a pixel approximation. Isotropic �lters have several
theoretical and practical advantages. For example, Davies (1984) showed the bene�ts of circular
windows, and octagonal approximations, in the context of edge detection. Moving average �lters
in non-rectangular windows are non-separable and so take longer to compute. It is possible to
use a recursive algorithm { a two-dimensional version of that above in which all pixels on the
leading edge of the window are added to the sum and those on the trailing edge are subtracted.
However, the number of operations is not size invariant; it is twice the diameter of the window.
Ferrari and Sklansky (1984) proposed a method which involves taking sums and di�erences
of partial sums of pixel values. The number of operations is two greater than the number of
corners in the pixel representation of the boundary of the window. This algorithm is faster
than the sliding window if the window has few corners, such as being L-shaped, but will be
slow if the window is circular or has diagonal edges on its boundary. An alternative approach
is to make use of the convolution theorem for linear �lters. If an image and �lter are both
Fourier transformed and their element-by-element complex product is formed, then the inverse
transform gives the required result. The algorithm complexity is independent of �lter size and
proves to be faster than convolution in the spatial domain for computing general linear �lters
in rectangular windows of size in excess of 7 � 7 (Glasbey and Horgan, 1995, p69).

A major drawback with all linear �lters is that edges in an image are blurred in the smoothing
process. Nonlinear �lters are able to smooth while still preserving edges. However, most
nonlinear �lters are slow to compute and have less well understood properties than linear
�lters. (For recent reviews, see Fong et al, 1989; Wu et al, 1992.) Some nonlinear �lters can
be implemented e�ciently because they use output from a moving average �lter. For example,
Lee's (1981) additive �lter produces as output at position (i; j)

�ij =

fij
�2
+

�ij

Vij

1

�2
+ 1

Vij

;

where fij is the pixel value in row i, column j of an n � n image, �2 is the speckle, or
observation error, variance (which is assumed known, but can alternatively be estimated from
pixel variability in homogeneous regions of an image), �ij is the moving average output for a
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(2r + 1)� (2r + 1) square window:

�ij =
1

(2r + 1)2

i+rX
k=i�r

j+rX
l=j�r

fkl for i; j = (r + 1); : : : ; (n� r);

and Vij is the variance of pixel values within the window, after subtraction of the speckle
variance:

Vij =
1

(2r + 1)2 � 1

0
@

i+rX
k=i�r

j+rX
l=j�r

f2kl � (2r + 1)2�2ij

1
A � �2:

Vij is also constrained to be positive, say no less than unity if pixel values have been scaled to
lie in the range 0 to 255. (A value of unity rather than zero has been used because Vij is a
divisor in the �lter.) Note that Vij can be computed e�ciently by applying a moving average

�lter to an image with (i; j)th pixel value f2ij. In an edge-free neighbourhood, Vij � �2 and
�ij � �ij , whereas near edges, Vij � �2 and �ij � fij. The �lter is derived as the minimum
mean-square-error predictor of �ij, if fij has mean �ij , variance �2, and �ij has mean �ij ,
variance Vij .

Computer timings can be very di�erent for two similar �lters, one of which is better suited
to an e�cient implementation. For example, Tomita and Tsuji (1977) proposed a �lter which
takes as its output the mean of the least variable subwindow among a set of square subwindows
within the main �lter window, i.e. the output at (i; j) is �kl where

(k; l) = argmin fVij ; Vi�r;j�r; Vi+r;j�r; Vi�r;j+r; Vi+r;j+rg:
Nagao and Matsuyama (1979) proposed a very similar �lter, but using other shapes of subwin-
dows with better corner-preserving properties. However, because there is no e�cient algorithm
for computing the averages in these subwindows, their �lter is much slower to compute than
Tomita and Tsuji's one.

In x2 we present a new algorithm for computing moving average �lters in windows which
are regular octagons, as approximations to circular windows, and show that it is faster than
existing Fourier-based and recursive methods for all but the smallest window sizes. Then, in x3
we propose new nonlinear �lters based on moving average �lters. They are syntheses of Lee's
(1981) and Tomita and Tsuji's (1977) �lters, are fast to compute and smooth speckly images
more e�ectively than existing �lters. We illustrate their use on synthetic aperture radar (SAR)
data. Finally, in x4 we discuss how the moving average algorithm can be generalised to other
shapes of polygonal window.

2 Moving average �lters

Fig 1 illustrates the superiority of an octagonal window over a square window as an approxima-
tion to a circular window. Fig 1(a) shows a simple binary image, and Fig 1(b) shows the result

3



of applying a moving average �lter in a circular window. To the eye, results for octagonal and
square windows with the same areas look very similar to Fig 1(b). To highlight the di�erences,
Fig 1(c) shows the di�erence between Fig 1(b) and applying a moving average �lter in a square
window, employing a stretched grey-scale to emphasise the di�erences. On the same stretched
scale, Fig 1(d) shows the di�erence between Fig 1(b) and applying a moving average �lter in
an octagonal window. It is clear that a moving average �lter in an octagonal window is much
closer to being isotropic than that in a square window, and �ltering artifacts along rows and
columns are avoided.

The sides of an octagonal window are piecewise linear. Therefore, pixel sums in the leading and
trailing edges of a sliding window can be computed using one-dimensional moving sums, and
the number of arithmetic operations per pixel is independent of window size. We give details
of the algorithm below, which requires twelve additions and subtractions, together with one
division, per pixel.

We de�ne a lattice representation of a regular octagon centred at the origin and with radius r
to be the set

S = f(k; l) : jkj; jlj � r; jk + lj; jk � lj � r + pg;
where p is an integer chosen so that the Euclidean length of the vertical and horizontal sides
of the octagon are approximately equal to the lengths of the diagonal sides, i.e.:

p �
p
2(r + 1) � 1p

2 + 2
:

An example is shown in Fig 2(a) for r = 4 and p = 2.

The output from a moving average �lter is given by

�i;j =
1

�(S)

X
(k;l)2S

fi+k;j+l ;

where �(S) denotes the number of elements in the set S (in Fig 2(a), �(S) = 69). If �r+1;r+1

is computed by summing all pixel values in the appropriate window, then the �lter can be
recursively updated along the row by:

�i;j+1 = �i;j +
1

�(S)

0
@

�pX
k=�r

fi+k;j+r+p+k+1 +
p�1X

k=�p+1

fi+k;j+r+1 +
rX

k=p

fi+k;j+r+p�k+1

�
�pX

k=�r

fi+k;j�r�p�k �
p�1X

k=�p+1

fi+k;j�r �
rX

k=p

fi+k;j�r�p+k

1
A :

Similarly, the �rst value in each row can be computed recursively by sliding the window down
a column. Fig 2(b) illustrates the pixels in the summation terms above for the octagon in
Fig 2(a). The limits of the �rst three (additive) terms are shown outlined in bold on the right
hand side of the octagon and the limits of the last three (subtractive) terms are shown in bold
on the left hand side. The position of (i; j) is indicated by the black square.
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All the six summations can themselves be computed recursively. De�ne three arrays as follows,
for appropriate ranges of i and j:

Ai;j =
r�pX
k=0

fi+k;j+k ; Bi;j =
2p�2X
k=0

fi+k;j ; Ci;j =
r�pX
k=0

fi+k;j�k :

Then, if the A-array is computed in its �rst row and �rst column, the remaining elements can
be computed as:

Ai+1;j+1 = Ai;j + fi+r�p+1;j+r�p+1 � fi;j :

Similarly, if the �rst row of the B-array is computed, the remaining elements are given by:

Bi+1;j = Bi;j + fi+2p�1;j � fi;j ;

and the remaining elements of C can be computed from elements in its �rst row and �nal
column:

Ci+1;j�1 = Ci;j + fi+r�p+1;j�r+p�1 � fi;j :

These arrays can be used to recursively apply the moving average �lter by:

�i;j+1 = �i;j +
1

�(S)
(Ai�r;j+p+1 +Bi�p+1;j+r+1 + Ci+p;j+r+1 � Ci�r;j�p �Bi�p+1;j�r �Ai+p;j�r) :

The six array positions in this equation are shown numbered consecutively in Fig 2(b), using
the convention that the origin is in the top-left corner of the �gure.

Table 1 gives CPU times in seconds for the new algorithm, implemented in C running on a
DECstation 5000/200, for a range of octagon sizes on a 1024 � 1024 image. For comparison,
times are also given for two alternative algorithms, a sliding window and the Fourier method.
As expected, times for the sliding window increase linearly with window size whereas those for
the Fourier approach are constant. Times for the new algorithm increase slowly with window
size because of the time taken to initialise the arrays. It can be seen that the new algorithm is
much faster than both the other two for all but the smallest window sizes.

3 Nonlinear �lters

We propose a new nonlinear �lter, a synthesis of Lee's (1981) and Tomita and Tsuji's (1977)
�lters, with output de�ned in terms of moving average �lters in square windows, as follows:

fij
�2
+

�i�r;j�r

Vi�r;j�r
+

�i+r;j�r

Vi+r;j�r
+

�i�r;j+r

Vi�r;j+r
+

�i+r;j+r

Vi+r;j+r

1
�2
+

1
Vi�r;j�r

+
1

Vi+r;j�r
+

1
Vi�r;j+r

+
1

Vi+r;j+r

:

This is the minimum-variance linear combination of fij and the means in r � r square sub-
windows, if (small) covariances among the means are ignored. It can be evaluated very quickly
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using output from the moving average algorithm (in particular, implementation time is inde-
pendent of r). As with Lee's �lter, it is assumed that �2 is known. Alternatively, it could be
estimated from pixel variability in homogeneous regions of an image.

For octagonal windows, one way to modify the �lter is as follows:

fij
�2
+

�i�r;j

Vi�r;j
+

�i+r;j

Vi+r;j
+

�i;j�r

Vi;j�r
+

�i;j+r

Vi;j+r

1
�2
+

1
Vi�r;j

+
1

Vi+r;j
+

1
Vi;j�r

+
1

Vi;j+r

:

The change is necessary to ensure that (i; j) lies within all subwindows. We also propose a
version of Tomita and Tsuji's (1977) �lter based on octagonal windows. The output at (i; j) is
�kl where

(k; l) = argmin fVij ; Vi�r;j ; Vi+r;j; Vi;j�r; Vi;j+rg:

To compare the new �lters with existing ones, arti�cial images were generated by segmenting a
250 � 250 image using a Poisson line process. This involved randomly positioning lines across
the image, then allocating an intensity value, chosen randomly from a normal distribution with
variance 100, to pixels lying in each of the polygons bounded by the lines. To this was added
speckle noise with variance �2, independently for each pixel. This method of simulation was
used because it generates images similar to synthetic aperture radar images (see Fig 3(a)). If
the number of lines intersecting the image is Poisson distributed with mean L, then on average
L=2 lines will intersect a side of length 250 pixels. So there will be one intersection every 500=L
pixels, on average, and the covariance between pixels in the simulated image will be

cov(fij; fkl) =

8<
:

�2 + 100 if (i; j) = (k; l);

100 exp
h
� L

500

q
(i� k)2 + (j � l)2

i
otherwise:

All the previously discussed �lters, together with the moving median (Huang et al, 1979) which
is the most commonly used nonlinear �lter, were applied to the simulated images using a range
of window sizes. In each case the result was summarised by a root-mean-square error (RMSE),
which is the square-root of the average squared di�erence between the �lter output and the
simulated image before the addition of noise, for the central 200 � 200 pixels. For each image
and �lter, the window size which minimised the RMSE was considered to be optimal. Table 2
summarises the results. For the moving average, moving median and Lee's �lters, the RMSEs
were very similar in square and octagonal windows, so only results for square windows are
given. Except when �2 is large, corresponding to very low signal-to-noise levels (0.25:1), both
forms of the new �lter outperform the other �lters by a comfortable margin. The octagonal
window can also be seen to be superior to the square one for both Tomita and Tsuji's and the
new �lter.

To illustrate the use of the new �lters, Fig 3(a) shows a log-transformed synthetic aperture
radar (SAR) image of an area near Thetford forest, England, obtained as part of the Maestro-1
airborne campaign (Joint Research Centre, Ispra, report IRSA/MWT/4.90), and previously
analysed by Glasbey and Horgan (1995). SAR is a form of remote sensing in which data have a
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large noise component due to speckle, and therefore need smoothing before manual or automatic
interpretation (Oliver, 1991). Durand et al (1987) found Lee's (1981) �lter particularly e�ective
in smoothing SAR data. Horgan (1994) derived optimal linear �lters for this image, and found
the signal-to-noise ratio to be about 2:1 and correlations to decay exponentially at a rate e�0:1.
Therefore, this matches the simulations with L = 50 and �2 = 50. Figs 3(b)-(f) show the �lters
applied to the SAR image. For each �lter, the size of window used was that previously identi�ed
as being optimal in the simulations. The new �lter can be seen to combine the strengths of both
Tomita and Tsuji's and Lee's methods: homogeneous regions are smoothed while boundaries
are retained.

4 Discussion

The moving average algorithm presented above may be generalised to any shape of polygonal
window. However, care must be taken because it will only be translation-invariant if the
edges of the polygon are periodic lines (Jones and Soille, 1996). The algorithm is based on a
recursive procedure where the sum is updated along an interval by adding to it the next data
point encountered and subtracting the data point at the trailing end of the interval. Such a
procedure will only be translation-invariant (and thus equivalent to the true moving sum �lter)
if the shape of the interval does not vary as the procedure progresses. For example, consider
the interval shown in Fig 4(a) (a Bresenham line (Bresenham, 1965) of length 9 at angle 18:4�),
where the origin is indicated by a black square and A, B and C are values in the image. The
shape of the interval varies as the recursive procedure progresses: if the interval slides from left
to right, the moving sum at position A is computed by adding B and subtracting C from the
existing sum. However, this will in fact be the sum over the interval shown in Fig 4(b), which
does not have the same shape as the original interval in Fig 4(a).

The only way to ensure that the shape of the interval remains invariant as the procedure
progresses is to use an interval de�ned by a periodic line:

P�;~v =
i=�[
i=0

i~v :

Here (� + 1) (which must be positive) is the number of points in the periodic line and ~v is a
constant vector. A periodic line consists of a set of collinear points at a �xed distance apart;
an example of a periodic line P2;(3;�1) is shown in Fig 4(c). To implement a moving sum �lter
de�ned in this interval using the recursive procedure, the interval must now slide left to right
through steps of the vector v. For example, referring to Fig 4(c), once the value at the origin
has been found the next value to be found will be A. The values in between the origin and A
are computed during subsequent passes in the image (note however that the total processing
time for all the passes combined will be the same as that for one pass with a non-periodic line).

All the edges of the octagon are periodic lines, and for this reason the algorithm that we pre-
sented in x2 for an octagon was translation-invariant. Unfortunately, the requirement that
edges be de�ned as periodic lines becomes somewhat restrictive for other polygons. This prob-
lem can be overcome, with some sacri�ce to processing speed, by using edges that are separable
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into cascades of two orthogonal periodic lines. To illustrate the procedure, we will consider the
example of a dodecagon. The top-right quarter of one is shown in Fig 5(a). If the dodecagon
moves from left to right through the image, there are three leading edges in the quarter, as
indicated by the numbers in the �gure.

The edges marked by the numbers 1 and 3 in this �gure are instances of periodic lines; the
recursive procedure using these intervals will be translation-invariant. In contrast, the recursive
procedure will not be translation-invariant for the edge marked by the number 2, as it is not
a periodic line. However, the interval is separable into a cascade of two orthogonal periodic
lines, as illustrated in Fig 5(b). The moving sum over interval 2 can therefore be implemented
as a cascade of two moving sums using the periodic intervals shown, where each moving sum is
implemented using the recursive procedure. In such case, four additions are required to compute
the moving sum for interval 2, as opposed to the two additions required for each of intervals 1
and 3. This value is una�ected by the lengths of the periodic lines in the decomposition.
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Algorithm radius = 5 11 21 41 61
Fourier transform 104 104 104 104 104
sliding window 9 17 31 73 99
new algorithm 11 11 12 12 14

Table 1: CPU times (seconds) for existing and new algorithms for applying a moving average
�lter in an octagonal window to a 1024 � 1024 image



Expected Moving Moving Lee's Tomita/Tsuji's New �lter
no. of lines �2 average median �lter square octagon square octagon

12 25 1.98 1.67 1.62 1.65 1.49 1.24 1.15
50 2.29 2.11 2.10 2.13 1.93 1.67 1.56
100 2.42 2.43 2.46 2.71 2.29 2.20 1.94
200 2.87 2.95 3.00 3.37 2.87 2.76 2.42
400 3.10 3.27 3.35 3.99 3.42 3.34 2.97

25 25 2.55 2.20 2.05 2.21 2.00 1.74 1.56
50 2.75 2.58 2.47 2.68 2.38 2.14 1.96
100 3.24 3.24 3.17 3.53 3.21 2.91 2.70
200 3.62 3.77 3.75 4.38 3.86 3.64 3.35
400 4.01 4.26 4.33 5.10 4.51 4.35 3.94

50 25 3.08 2.78 2.47 2.64 2.56 2.08 2.08
50 3.59 3.49 3.17 3.48 3.36 2.88 2.73
100 3.94 3.97 3.80 4.46 3.91 3.74 3.32
200 4.45 4.63 4.55 5.26 4.85 4.53 4.18
400 4.91 5.21 5.24 6.22 5.65 5.31 4.99

100 25 3.95 3.51 2.98 3.52 3.30 2.66 2.57
50 4.40 4.33 3.83 4.33 4.08 3.57 3.42
100 4.99 5.20 4.68 5.33 5.06 4.58 4.40
200 5.54 5.82 5.60 6.67 5.99 5.78 5.30
400 6.21 6.56 6.49 7.49 7.07 6.65 6.23

200 25 5.49 5.10 3.54 5.23 4.88 3.70 3.46
50 5.62 5.53 4.56 5.66 5.31 4.62 4.32
100 6.12 6.42 5.65 6.52 6.17 5.70 5.38
200 6.99 7.37 6.78 7.73 7.40 6.89 6.62
400 7.59 8.15 7.80 8.89 8.38 8.19 7.64

Table 2: Root-mean-square errors of �lters for optimal window sizes, based on 20 simulations
of 250 � 250 images in each case. (The smallest value in each row is underlined)



(a) (b)

(c) (d)

Figure 1: (a) Simple binary image, (b) result of applying a moving average �lter in a circular
window, (c) the di�erence between moving average �lters in circular and square windows of the
same area (zero values are displayed ar mid-grey, positive values as lighter shades of grey and
negative values as lighter shades of grey), (d) the di�erence between moving average �lters in
circular and octagonal windows of the same area (with the same grey-scale as in (c)).
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Figure 2: (a) Octagon constructed using r = 4 and p = 2. (b) Figure illustrating the recursive
algorithm of the moving sum in this octagonal window (see text).



(a) (b)

(c) (d)

(e) (f)

Figure 3: (a) SAR image, (b) moving median �lter in square window (r = 2), (c) Lee's �lter
in square window (r = 2), (d) Tomita and Tsuji's �lter in octagonal sub-windows (r = 2), (e)
new �lter in square sub-windows (r = 1), (f) new �lter in octagonal sub-windows (r = 2).
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Figure 4: (a) Bresenham line of length 9 at angle 18:4�. (b) E�ective Bresenham line at point
A using the recursive procedure. (c) Periodic line.
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Figure 5: (a) Top right hand quarter of a dodecagon. (b) Interval 2 as a cascade of two periodic
lines.


