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Pairwise Sequence Alignment: Motivation

Sequence 1 — ACGTTGCA
Sequence 2 — ACGTGCAT

e Two DNA sequences:

o Direct af y A C G T T G C A

Irect alignment: A C G T G C A T

| | AAC G T T G C A
e Alignment with gaps: A C G T - G C A

Sequence 1 — Insertion

e Interpretation: .
P Sequence 2 — Deletion
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DNA Sequence Alignment
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HMM for Pairwise Sequence Alignment
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Example: Pairwise Sequence Alignment with HMMs
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Pairwise Sequence Alignment: Concept

e Hidden states: Sy € {M,Z,D} or Sy € {M, 1,1}
e Observations: v — (T, Yn)

zm| CGT CAG-T
yp | CC - - AGCT
t 123456738
m | 12345 6¢6°7
n 122234506
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Viterbi Algorithm for Pairwise Sequence Alignment

'MM%>=FW%”MXE$z$8;q
Inn(Zy) = Plya) max [532,’31 W ]

(1 - 25)7m—1,n—1(M)
Tm,n (M) = argmax (1 - G)Wm—l,n—l(za:)

(1 - 6)’ym—l,n—l(z-y)
i 57m—1,n(M) |
i €7m—1,n(zx)
| 57m,n—1(M)
| 6/ym,n—l(z-y)

T (L) = argmax

Tmn (Z,) = argmax
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Viterbi Algorithm for Pairwise Alignment: Logarithmic Version

i Vm—l,n—1<M> + lOg(l o 25) |
Vm,n<M> — 10g P<33m, yn) -+ max Vm—l,n—1<Ix> + lOg(l — 6)

i Vm—l,n—l(-z'y) + 10g<1 o 6)
Vin—1n (M) + log 5]

Vin—1n (Z,) +log e

Vinn—1(M) +logd

Vinn-1(Z,) + log e ]

Viun(Zy) = log P(z,,) + max [
Viun(Z,) = log P(y,) + max [

Vin—1n—1(M) + log(1 — 20)
Tm,n (M) = argmax m 1,n— I(Ia:) +1Og(1 - 6)
Vin—1n-1(Zy) + log(1 — €)
B [ V1.2 (M) +logd |
Tm,n (Ia?) — argimax ] m 1n(Ia:)+10g€ |
[ Vi1 (M) +logd |
i mn 1(Iy)+10g6 ]

Tmn (Z,) = argmax
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The Full Probability of an Alignment: Summing over All Paths

e Recursion
(1— 25)am_1,n_1(M

)
Oém,n(M) — P(ﬂfm, yn) Z |: (1 - E)am—l,n—l(zw) ]
(1= tn-1n1(Z,)

L) = Plon) Y [33255%) ]
el = Pl 3 [ 220

e [ermination
P(D) = OéM,N(M) -+ aM,N(Ix) + OéM,N(Iy)
e Initialisation

Oéo,o(M) =1
Oéo,o(Ix) - = Oéo,o(Iy) = Oéo,—l(-) = 04—1,0(-) =0

This corresponds to the prior probability Py(M) =1 — 20, Py(Z,) = Py(Z,) =6
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Significance of the Alignment

e Posterior probability of the best alignment : P(7|D) = Pgbl?)

e Posterior probabilities are often very small.

e Comparison with random model :
v Vv

Bemm
X P Yy
O Cx))) —~O— @7@

1-v 1-v
M
P(random, D) = [(1 —v) H P(z,)| v [(1 — V) H P(y,) | v
m=1 y N n=1
= V(1= )M P(am) [ [ Plan)

e Log odds ratio: log (%)
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Viterbi Algorithm for Pairwise Alignment: Log-odds Version

Log-odds ratio:

log P(zm, yn) + max {

log P(z,,) + max [

log P(y,) + max [

Vin—1n(M) +log é
Vm—l,n(Ix> + 10g €
Vinn-1(M) +logé
Vinn—1 (Iy) + loge

Vm—l,n—l(M> + 10g(1 — 25)
Vm—l,n—l(Ix> + 10g(1 — 6)
Vm—l,n—l(Iy> + 10g(1 — 6)

|
|

P(x,), P(y,) cancel out, S(x,,y,) = PZSiTJ%l)
~ Ym—l n—l(M)
Vm n(M) — S(Qfm; yn) -+ max Ym_l n—l(Ix)
Vm—l n—l(Iy)
% — i Vm—l,n(M) —d |
Vm,n(Ix) = Imnax Vm_lyn(Zx) .
; -1 (M) —d
an I = IMNax UL 1(
W(Z) B

|

, appropriate definition of d, e
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Profile HMMs: Motivation

e Functional biological sequences come in families .

e Evolution, speciation — primary sequences have diverged
from each other.

e However, they maintain the same or a related structure /function
— homologous sequences .
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Profile HMMs: Typical Problems

e Classification
Does a given biological sequence belong to a certain family,
e.g, is a given protein sequence a globin?

e Database search
Given a set of sequences — find more sequences of the same
family.

e Multiple sequence alignment
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Profile HMMs: Improvement over Pairwise Alignment

e Family of sequences: Database search for more members with pair-
wise alignment , known family members = query sequences.

e Repeat with all the known family members one by one.

e Disadvantage: May not find sequences distantly related to the ones you
have already.

e Improvement: Use statistical features of the whole set of se-
quences in the search.

e Multiple sequence alignment: Concentrate on features that are con-
served in the whole family —— improvement over pairwise align-
ment.
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Architecture of a Profile HMM

Begin I 12 13 . aw IK End

M1 M2 M3 MK

e Main states My, k=1,... . K
o Insert states Z,, k=1,... K
e Delete states Dy, k=1,... K
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Profile HMMs

e Observations: y; € {A,C,G, T}, t=1,...,N
e Hidden states: S; € {My,Zy,Di}; k=1,.... K

—
o °©
—
>

Fl @
®)
= ® o-

Begin

\ M1 M2 M3 M4

‘ Main state  Insertion Deletion

Observation label ¢t —+¢t+1 t—t+1 unchanged
State label £ k— k+1 unchanged £k —Fk+1

M5

M6

End
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Forward Algorithm for Profile HMMs

(2

Begin 11 QZ 13

\ M1 M2

M3

P

MK

/

End

P(Mj|Mj—1)ap—1(Mj_1)
(Mi) = Py M) > | PIM|Te1)o-1(Ta)
P(M|Dy—1)ot—1(Dy—1)

P(Ik|Mk)Oét_1(Mk)

(L) = PylT) ) KP(Ika)ozm(Ik)
P(Zy|Dy.)cy—1(Dy)

a(Dy) = )

P(Dy| Mj—1)at(Mp.—1)
P(Dy|Zy—1)(Zy—1)
P(Dy|Dy—1)o(Di-1)
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Viterbi Algorithm for Profile HMMs

V(M)

Y (Zy)

Y(Dr,)

P(Mj|Mij—1)v—1(Mj—1)
= P(y|Mpy) max | P(My|Zp—1)v-1(Zi—1)
P(My|Dy—1)vi-1(Dy-1)
P(Z,| Mg )y—1(My)
= P(y|Z) max | P(Z|Zi)ye—1(Zy)
P(Zi| D )yt-1(Dr)
P(Dy[Mp—1)7(Mj-1)
= max | P(Dy|Zyp—1)v(Zp—1)
P(Dy|Dy—1)7¢(Dy-1)

M| Zi—1) Vi1 (Tio—1)

M| Mi—1) -1 (My—1)
Tt (My) = argmax

(

(

(M| Di—1)vt-1(Dr-1)
(T M )ve—1(My)
EIHIk)%—l(Ik)
(
(
(

1 (Zy) = argmax

Zk|Dx.)vt-1(Dr,)
Dy |Mp—1)%(Mp-1)
Dy |Zi—1)ve(Zi—1)
Dy|Di—1)7e(Dr—-1)

1 (D) = argmax

Uy vt wu
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Parameter Estimation for Known State Sequences

Yt
t
o
h
Y=o
i=h
Nfo|n)
N(H|h)
D
v

Observation at position t in the ith sequence

Hidden state at position ¢ in the ith sequence

Label for observations.

Dice: o=1,...,6. DNA:o=1,...,4. Proteins: 0=1,...,20.

Label for hidden states.

Rogue casino: h = 1,2. Profile HMM of length K: h=1,...,3K + 2.

At the tth site in the ith sequence the oth emission symbol is observed.

At the tth site in the ith sequence the hidden statetakes on the hth state symbol.
Number of times the oth observation symbol is emitted from the hth state.
Number of state transitions from the hth state to the hA'th state

Data= set of all observations = {y!};,, e.g.: a given set of DNA sequences.
Set of all hidden state sequences, e.g.: annotated alignment of DNA sequences.

P(D,v) = [] || PwilSHP(S;ISi)
) t
= P(y, = o|S, = W/NW TTT] P(S: = W|Si-1 = )N
0 h h ¥
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Parameter Estimation for Known State Sequences

P(D,V) = H HP(yt = 0|5, = h)N<olh) HHP(St — K|S, = h)N(h’|h)
o h

h n

Pg(olh) Emission probability =

probability that the Ath hidden state emits the oth observable symbol.
Pr(K'|h) Transition probability =

probability of a transition from the hth hidden state into the A’'th hidden state.
W Vector of model parameters = vector of all transition and emission probabilities.

P(D,¥lw) = []T]PeCclm)™ ™ TTTT Pr(r/|n)N ™
o h h K
In P(D, U|w) = " N(o|h)ln Pg(oh) + > > N(H'[h)In Pr(K|h)
o h h h!

Maximum likelihood estimate:
~ N(W'|n)
Y N(R|R)

Pofolh) = <M

= oo
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Parameter Estimation for Unknown State Sequences: EM Algorithm

L(w) = mP(D|w) = anP(D,\Hw)

ZQ D q"“’ ZQ \I"gj)w) + In P(D|w)
L(w) = F( )+ KL|Q, P} 2 F(W)
L
F=L F
T
E
E-step M-step

e ——
E-step — Q(V)=PV|D,w)
M-step —— Maximise F'(w)
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Parameter Estimation for Unknown State Sequences

Pg(olh)  Emission probability
Pr(h'|h)  Transition probability
W Vector of model parameters = vector of all transition and emission probabilities.
Ng(olh)  Number of times the oth observation symbol is emitted from the hth state
for known state psequences V.
Ny (h'|h)  Number of state transitions from the hth state symbol to the h'th state symbol
for known state sequences V.

In P(D, Ulw) = ZZN@ olh)In Pg(olh) + > > Ng(K'|h)In Pr(|h)
h KW
F(w) = ZQ )In P(D, U|w) +

_ ZZN(OW In Pg(olh) + Y Y N(K|h)lnPr(k'|h) + C
0 h h h

N(olh) = ZN\I, o|h)Q N(W|h) = ZN@ (Wh)Q
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Parameter Estimation for Unknown State Sequences

= Y > N(o|h)In Pg(oh) + Y > N(W|h)In Pp(h|h) + C
0 h h N

M-step: F'(w) is maximised for

N(ofh) N
I R S
E-step: Q(V) — P(V|D,w)

Pg(olh) =

P(Y|D, w)

N(o|h) ZN@ o|h)P(¥|D,w) = S‘ [S‘S‘é yi,0)0(Si, h)
= ZZ& (yi, 0 Sz'—h|D,w>
t (

N(H|h) = ZN@ (W[R)P(¥|D,w) = ) [226(52,11’)5(821,@
v

t 0}

_ ZZ P(Si=H,S._, = h|D,w)
t 1

P(V|D,w)
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