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Example: The Occasionally Corrupt Casino
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Example: HMM
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The Most Likely State Sequence

EGRORORNEWEWRIVED)

Find the mode of

P(Sl,...,SN,yly--'ayN>
P<Sl7"'7SN‘y17"'7yN>: P<y1 yN>

x P(Si,...,SN,Y1,---,YN)

S, €H = (S1,...,9y): |H|" terms.
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Conditional Independence in HMMs

y_1 y_2 y_t y_(t+1) y_N
P<yt‘y17"'7yt—17yt+17'"7yN7sl7"'7SN> — P(?Jt‘st)
P(Si1]S1, -, St y1, -+ ur) = P(Si1]5y)
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Factorisation in HMMs
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s St 8x) = [ PwlSy | | PSiSi-1)P(Sh)




The Most Likely State Sequence

mnax P(Sla"'asN|y17"'7yN) = Jnax P(Sla"'asNayla"'ayN)

S1yenns SN S1yenes SN

’}/n(Sn) — max P(yla"'aynasla"'asn)

S15-9n-1

t=1
n—1
= max P(yn|5n)P(Sn|Sn—1)HP(yt|St)P(St|St—1)
1yeees n—1 t—1
n—1

= P(y,|Sy) rglaXP(Sn|Sn_1)S max HP(yt|St)P(St|St_1)
n—1 1 n—2 i—1

.....

= P(yn|Sn) max P(Su[Sp—1)7n-1(5-1)
n—1
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Viterbi Algorithm

Initialisation

11(S1) = P(y1|S1)P(S1) or, with P(Sy) := P(S1]S0): (o) = 1

Recursion (n =1,...,N)

Yn(Sn) = P(yn|Sn) maxs, P(Sn|Sn-1)¥n-1(5n-1)
Pointer(S,—1) = argmaxg , P(S,[Sy-1)n-1(Sn-1)

Termination

Sy = argmaxg, Yn(Sn)

Traceback (n =N —1,...,1)

S,, = Pointer(S,,.1)
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Computational Complexity and Example

Computation complexity: |H|Y — N x |H|?

P=1/2 P=1/2
2/3
1/3 1/2
1/2
P 1/2 P
1/10 1/6

Observed sequence:
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Example - Part 1

n P(+|+)vm-1(+) P(H|=)vm-1(=) P(=|+)vm-1(+) P(=]=)m-1(-)
Yn P(yn|+) P(yn|—) Yo (+) Yn(—)
v % ! !

n P(+[+)m-1(+) P(+[=)m1(=) P(=[+)vma(+) P(=|=)rm-1(-)

i P(ylt) P(y]-) () (=)
1 1

5

=D
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Example - Part 2

Yo (+)

P(yn|_)

P(+|+)vn-1(+) P(+=)vm1(=) P(=|[+)ym-1(+) P(=|=)ym-1(-)
P(yu|+)

n
Yn

1_21_w

IO

&

@A.:
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Yo (+)

Example - Part 3

P(yn|_)

P(+|+)’7n—1(+) P(—H_)’Vn—l(_) P(_H_)’Vn—l("i_) P(_|_)’7n—1(_)
P(yn|+)

Yn
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Example - Part 4

Y (+)

P(yn|_)

P(+|+)v-1(+) P(+|=)vm-1(=) P(=[+)ym-1(+) P(=[=)Vm-1(-)
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Example - Part 5
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Logarithmic Version of the Viterbi Algorithm

Prevent numerical underflow

ma%,{ P(Sla-"asN|y1>"'nyN) — ma?g{ IOgP(Sla-"7SN7y1>"'7yN)

= P(yn|Sh) glaxp(sﬂsn—lwn—l(sn—l)
n—1

log ¥ (Sn) = 5, nax 12 [logP(yt|St) —l—logP(St|St_1)}
..... w14

= log P(y,|Sy) + max log P(S,|Sn-1) +1ogyn-1(Sn-1)]
n—1
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The Posterior Probability of the Viterbi Path

. . PS,...,S,y,...,y
P<Sl7"'7SN|y1,...7yN> — ( 1P<y1 N ];yN> N)

P(yi,...,yn) = Z P(S1,..., SN, y1,-- -, YN)
Si.. Sy

e Allows estimating how good the optimal state sequence is. — Advan-
tage over finite state automata.

e Computational complexity seems to be: S, ¢ H — (51,...,5n):
[H|Y terms.

e Draw on the Markov property to reduce the computational complexity.

<lide-16



The Forward Algorithm

Py, ...,yn) = Z an(Sy)

N
Ckn(Sn) — P(yla c oy Yn, Sn)

_ S:...S:P(yl,...,yn,sl,...,sn_l,sn)

S1
= S:?HP yt|St St|St 1)
S1 Sp—1 t=1
n—1
= > .. Sj P(yn] Sn) P(Su|Sn1) | [ Pwel S P(S]Si1)
Sy t=1
= P(yn|Sy) ZPS St Z ZHP Y| S)P(Si|Si-1)
Sp—2 t=1
— yn|Sn ZP Sn|Sn—1)&n—1(Sn—1)

Sn—l
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Comparison between the Viterbi and the Forward Algorithms
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Viterbi Algorithm: Forward Algorithm:

Maximisation Summation

<lide-18



The Forward Algorithm

Py, ...,yn) = Z an(Sy)

N
Ckn(Sn) — P(yla c oy Yn, Sn)

_ S:...S:P(yl,...,yn,sl,...,sn_l,sn)

S1
= S:?HP yt|St St|St 1)
S1 Sp—1 t=1
n—1
= > .. Sj P(yn] Sn) P(Su|Sn1) | [ Pwel S P(S]Si1)
Sy t=1
= P(yn|Sy) ZPS St Z ZHP Y| S)P(Si|Si-1)
Sp—2 t=1
— yn|Sn ZP Sn|Sn—1)&n—1(Sn—1)

Sn—l
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The Backward Algorithm

i

(Yns1s - - -, YN[ Shn)
---Zp(yn—i-l;"'3yNasn+17"'7SN|Sn)

Z H Pyt|St St|St 1)

(]

;go
+
-

M

Sn+1 Sy t=n+1

N
> ) P(ynalSua)P(SnalS) P(y|St) P(S5t[Se-1)
Sn+1 SN t= n+2
Zp(yn+1|sn+1 n—|—1|S S‘ S‘ H Pyt|St St|St 1)
Sn+1 n+2 Sy t=n+2

(]
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Comparison between the Forward and the Backward Algorithms
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Posterior Probability of a Hidden State

yN;---abet)

P(Siy1, ... yn) o P(
(YN, - Y| Yty - 5 91, S P (Y, - -+, Y1, St)
(
(

P(yN,-..,tht) =
YNy - oy yt+1|St)P(yt> - Y1, St)
St)Oét(St)
ﬁt(st)@t(st)
P(Si|y1,...,yn) = , y

(Bl o0v) = S B (Sl

|
S v u

s 1 S 27 s_t is_(t+1) s N
L L o o °
y 1 y 2 y t y_(t+1) y N
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Posterior Probability of a Pair of Hidden States

i

P(St, Ste1lyrs - yn) o< Plyn, -5 91, S, St)

Pyn, .. y1,841,51) = Plyn, ..., y2lYes1, -, Y1, Ste1, St) P(Yee, - - -, Y1, Str1, St)
P(yn, -« o Yee2|See1) P(Wes1|ye, - - -, y1, Ste1, St)

P(Si1lye, - y1, S)P (e, - -, y1, St)

= Brr1(St1) P(Yes1] St 1) P(Sti1|St) e (St)
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Parameter Optimisation: Baum-Welch Algorithm

e Hidden states: S; e {...,h, R/ ...}

e Observations: y, € {...,0,...}

e Forward algorithm — «4(S;), P(D)
e Backward algorithm — (3,(S;)

e Update the parameters by computing the expected number of times each transition or

emission is used, given the training sequence D = {y1,...,yn}.
_ ﬁt(st)at(st)
P(5|D) = (D)
St41) P(y1411Se1) P(Spa1|Sp) e (S
P(St75t+1|p) _ ﬁt+1( t+1) (yt+1|P1(5;)1)) ( t+1| t) t( t)
/ > P(Stt1 =1, S; = h|D)
(Sio1 = M|S: = ) G ol
>, 8(yt, 0)P(S; = h|D)
Py =0|S;=h) =
(yt | t ) Zt P(St — h|D)
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