Example: The Occasionally Corrupt Casino
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A Tutorial on Hidden Markov Models
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The Most Likely State Sequence
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Find the mode of

P(S1, .. Sxo v,
P(Sh'"7SN|yla"'7yN) = ( . SiEl yN)

P(yla"'7yN)
X P<Sl7"'7SN7yl7"'7yN)

S, eEH = (Sl,...7SN) : |H|N terms.

Example: HMM
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QOO

s 1 s 2 st s _(t+1) s N
L ® O ®
y_1 y_2 y_t y_(t+1) y_N

slide-9



Factorisation in HMMs

s 1 s 2 st s (t+1) s_N
L L ® O o
y_1 y_2 y_t y_(t+1) y_N
N
P<y1;~~-7yN751;~~-7 H yf|Sf HP Sf‘Sf 1 (51)
N
H y1|51 HP S/\Sz 1)
t=1 t=1

Conditional Independence in HMMs
s 1 s 2 st s (t+1) s_N
/2
y_1 y_2 y_t y_(t+1) y_N
P(yt|yla"'7yt—17yt+1a"'7y1"\:‘r7S17"'7SN) = P(yf|Sf)
P(Si1]S1, .-, Sty -+ y) = P(Si1]Sh)
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Viterbi Algorithm

Initialisation ’}/1(51) = P(y1|Sl)P(S1) or, with P(Sy) := P(S1]Sp): Y0(So) = 1

Recursion (n =1,...,N) Yu(Sn) = P(yn|Sn) maxg, | P(Sn|Sp-1)Yn-1(Sn-1)
Pointer(S,, 1) = argmaxg, | P(S,|Sn-1)7n-1(Sn1)

Termination Sy = argmaxg, Yv(Sy)

Traceback (n =N —1,...,1)| S, = Pointer(S,+1)

Yy
[ 3 : 3 i
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The Most Likely State Sequence

max P(Sla cey Sy ‘yla s 7yN) = _max P(Sla te Sz"\“'7y17 . '7y;"\°'>
S1y-SN S1,0SN
= maxx(Sy)
ﬁ'/'”(s'”') = s Inasx P(y17 < Yno Sla B Sn)
21 n—1
= slmdt I[l Py Se)P(Si|Si-1)
n—1
= max  P(ya]Sy)P(SalSu-) [ ] PlS)P(S:1Si-1)
Tyeees n—1 o
n—1
= P(y,|Sn )mdx P(S,|S,- 1) max H P(y]S¢)P(St|St-1)
...... Sp_o

= (yn‘sn,) ISI,1<1~>1<P(SM|Sn—1)%,— (Snfl)
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Example - Part 1

n P+ ma(+) Pl=)maa(=) Pl=H)mal+) Pl==)ym-(=)
Yn P(ya|+) Pyn|—-) Tn
1 I I

2 2

Yn P(yn|+) P(yn|—) Yn(+) (=)
1 T T 1 I

i i 1,01 1,2
5 & i 3X5=15 53X 1= 15
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Computational Complexity and Example
Computation complexity: |[H|Y — N x |H|?
P=1/2 pP=1/2
C — 0
1/3 1/2
1/2
P 2 P
1/10 1/6 L
] L [ ] ] O
Observed sequence: E
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Example - Part 3

n P(+[H)maH) PHma(=) P=[+)1ma(+) P(=[-)1m1(-)
Yn P(yn|+) P(yn‘f) 'Yn(+> "/’n(*)
1 1 I T
5 f 1 127 1 1 12 1
T 10— PRal Al bRaRu It
e TWTE  iXwTw P ETE g
6 i 3 % X5~ 1 % X3~ 1a
A A
L] L] L] ‘.
[ ] [ ] [ ]
L] L] L] L]
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Example - Part 2
n P(++H)malH) PH)mal=) P(=+)ma(+) P(=[-)rm1(-)
Yn P(yal+) P(ya|-) Yu(+) V(=)
1 T T I
5 ] f 1 127 1 1 12 1
2 3XuTu 5X %= 3% 2 X3~ 5 3X %=
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Example - Part 5 The Posterior Probability of the Viterbi Path

P(Sl7 R ‘SA’N7y17 s JJN)

=
x
3
|
L
2
0

PO Tma(H) PO () POIF P(Sy,...,Sxly1, ... yn) =

T
2
Jr\
~ 1
z
|
~ 1

n
P(y,|+ P
yln (ynl+) (yf T T P(y177yN)
2 2 2
1 1 1 1 1 1 1 —
5 10 3X§=1; PRSI P(ys,...,yn) = E P(S1,..., 88,91, -, YN)
2 Ixl_1T T 11 v Tl -1
CRAR AT} 3707 %0 27T 3TN S15e-SN
S e TR T T T _— . .
3osXmTaw  3XmgTim 3Xmow  3Xia - ia e Allows estimating how good the optimal state sequence is. — Advan-
2 i = 2oX: X ..
b 10 1446 144 — 10 tage over finite state automata.

e Computational complexity seemstobe: S, € H = (Si,...,Sn):
L |H|™ terms.

e Draw on the Markov property to reduce the computational complexity.

L] ‘. °
¢ .. .
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Example - Part 4 Logarithmic Version of the Viterbi Algorithm
Prevent numerical underflow
P(+[+)1-1(+) P(+|=)m-1(=) P(=[+)ym-1(+) P(=[-)m-1(-)
P(ya|+) P(?/;LI_) 'Yn(1+) 'Yn(l_)
3 3 3 max P(S1,...,Sny1,...,yn) = max log P(S1,..., SN, y1,...,Un)
[ i Ly I_ 1 Lyl _1 LSy S1, Sy
T 1 P Rvas £+ i — maxlog vn(Sy
IXn T ERal PX T PXH TG = maxlog v (Sw)
1 1 1 11 1,13 N
T 16 T 2 32 2 124 16 1414 124 32 1414
29X T~ 98 3 X 1ad 14 2 X1~ %8 3 X 14ad 14
fyn(sn> = . ma;( P(yh <oy Yny Sh ey Sn)
StvoSn1
n
= max HP(yt|St)P(St|St,1)
St
= P(yn|Sn,) gl‘d&( P(S7L|Sn,—1)7n—l(Sn,—l)
n—1
A -
@ @ @ g () = max >~ [log P(ulSy) + log P(Si|Si-1)
LSt £
A A = log P(y,|S,) + max [log P(Sn|Sn-1) + log Vn—1(Sn-1)]
' ' -1
%’ ..
slide-15
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Comparison between the Viterbi and the Forward Algorithms

Viterbi Algorithm:

Forward Algorithm:
Maximisation Summation
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The Forward Algorithm

Pyh" 7y'\ Za\ S\

an(Sn) = P(yh" 7yrI7SI>

= Z ZPylv"'zymsla---7S7L—I7Sn,>

Sp—1
Z ZHP yr‘sf Sf‘Sf 1
Sp—1 t=1
n—1
Z ZP yn|3n Snlsn 1>Hp(yt|st)P(St|St—l>
Sp—1 t=1
n—1
= P(yu|S) zps |1 Z ST PwilS)P(SiIS:-1)
Sp—g t=1
= yn|Sn zpsn|snfl)anfl(snfl)
Sp-1
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The Backward Algorithm

Ba(Sn) = P(Ynits- -, yn|Sn)
= Z s Z PWni1s- - YN, Sntts - -5 SN|Sh)
Spt1
= ZZ HPy,\S, SZ‘S[ 1
Syl Sy t=n+1
N
= > Pl Suc) P(Suial ) T Pl S)P(SiSi-)
Sn+1 Sy t=n+2
= > P(yns1|Sni1) P(Sn41]Sn) Z > H P(y|S)P(Si]Si-1)
Sn+1 Sn+2 Sy t=n+2
= > P(yn 1St 1) P(Sns11S0)Bn1(Sn 1)
Sn+1
slide-20)
The Forward Algorithm
P(y,...,yn) = >_an(Sy)
Sy
an,(sn) = P(yla <oy Yn, Sn)

Z---Zp(yla---7yna517~~~7sn,—1asn)

Si Sp-1
Z ZHP Uf‘Sr Sf‘Sf 1)
Sp—1 t=1

n—1

Z ZP YalSu)P(SulSu1) [ [ Pwil S P(Si|Si-1)
t=1

= P(yalS) ZP (Sl Su1 Z ZHP Uil ) P(Si]Si-1)
Sn-1 Sp—g t=1
- yn|Sn ZP Sn|Snfl)anfl(Snfl>
Sn—1
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Posterior Probability of a Hidden State

P(Sff|y11"'7y1\‘r) o8 P(yf\7"'7yl7st)
P(yz"\“'7"'7y17st) = P(y\7"'7yt+1|yt1‘"7y1’St)P(yt1"'7yl’St)
= P( YN, - "ayt+1|St (yta"'aylast)
ﬂt( t at(St
ﬂt(St)at(St)
P(Silyr, - uv) = 7oy —on
(St 98) = 5 B(SDaul S
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Comparison between the Forward and the Backward Algorithms
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Backward Algorithm
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Parameter Optimisation: Baum-Welch Algorithm

e Hidden states: S, € {...,h, N, ...}

e Observations: y; € {...,0,...}

e Forward algorithm — «(S;), P(D)
e Backward algorithm — ;(S;)

e Update the parameters by computing the expected number of times each transition or
emission is used, given the training sequence D = {y1,...,yn}

P(S,D) = %
P(S;, Sy|D) = Prri(Si) (ytﬂllfzg)) (Si1]Si)au(Sy)
P(Sis = W|Si = ) = 2 gﬂ(— K, ib;)hm)
Plyi=olS, =) = Efzﬁtln( P(S, thf;m
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Posterior Probability of a Pair of Hidden States

P(Sy, Sialyrs - - yn) o< Plyn, - .- y1, Sirr, Si)
Plyn,...,y1,501,8) = Plyn, .-, Yer2lYerts - Y1, Sert, S)P(yest, - -+, Y1, Sean, St)
= P(yn, - Yer21Ste1) PWesalye, - - - y1, Sev1, Si)
P(Seialye, -y, S0 Pye, - - -, y1, )
= Brr1(Ser1) P(Wer1|St11) P(St1|Se) cu(Sh)

s1 s2 s (t1) ;" s t\ S (D) s (1+2) s N

yl1 yz2 y_(t1) oyt y_(t+1) L Y_(t+2) YN/
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