
Details of the MCMC s
heme used in�Segmenting ba
terial and viral DNA sequen
ealignments using a FHMM�Wolfgang Lehra
h, Dirk Husmeier15th July 20081 Outline of the MCMC s
hemeThe following moves are performed for ea
h iteration of the MCMC sampler:1. Sample HA ∼ P
(

·|νA, ρA, kA,H{S,R,T}\A,D
) for A = {S, R, T }.2. Sample νA ∼ P

(

·|Cmin
A , Cmax

A , kA,HA,D
) for A = {S, R, T }.3. For A = {R, T }: propose ρ

∗
A and k∗

A by adapting ρA and kA. Propose
H

∗
A ∼ P

(

·|νA, ρ∗
A, k∗

A,H{S,R,T}\A,D
). A

ept ρ

∗
A, k∗

A and H
∗
A if U [0, 1] <a

eptan
e probability, where U [0, 1] is a sample from the uniform distri-bution over the unit interval.Note that the 
onditioning part of ea
h distribution 
ontains the Markov blanket(Pearl, 1988) of the respe
tive random variable to be sampled. The Markovblanket is the set of parents, 
o-parents and 
hildren of a node. This set shieldso� a given node from all the other nodes in the domain, that is, 
onditionalon its Markov blanket, a node is independent of all the other nodes. Hen
e,
onditioning on the Markov blanket is equivalent to 
onditioning on the 
ompleteset of random variables (ex
luding the variable to be sampled). The Markovblanket of ea
h random variable 
an easily be read o� from Figure 1b from thepaper: B is in A's Markov blanket if and only if there is either an edge betweenA and B, or both A and B are parents of another random variable (Pearl, 1988).This proves that the proposed s
heme is a valid Gibbs sampling s
heme.1.1 Sampling HA ∼ P

(

·|νA, ρA, kA,H{S,R,T}\A,D
)Sampling the hidden state sequen
es HS , HR, and HT 
an be e�e
ted with aGibbs-within-Gibbs pro
edure, as des
ribed in Husmeier and M
Guire (2003).However, the sto
hasti
 forward-ba
kward algorithm of Boys et al. (2000) hasproven to lead to faster mixing and 
onvergen
e of the Markov 
hain (Werhliet al., 2006) and was, thus, used in the simulations reported in this paper.1



1.2 Sampling νA ∼ P
(

·|Cmin

A , Cmax

A , kA, ρA,HA,D
)The sampling steps for νS , νR, and νT are straightforward due to the 
onjuga
yof the beta distribution B, as de�ned in Equation (8) in the paper. De�ne:

ΨA =
∑N−1

t=1 I (HA,t = HA,t+1) , ΨA = N − 1 − ΨA. (1)It is then easy to show from (6) in the paper that:
P

(

νA|C
min
A , Cmax

A ,HA, kA,D
)

∝ I
(

Cmin
A ≤ νA ≤ Cmax

A

)

B
(

νA|ΨA + α, ΨA + β
)

.(2)See Husmeier and M
Guire (2003) for a derivation for the untrun
ated 
ase.If kA = 1, then Equation (2) does not apply, as there is only a single possible
HA. To generate a sample from the trun
ated beta distribution we use a simpleMetropolis-Hastings method � see Lehra
h (2007) for more detail.Additionally, ΨA and ΨA allow us to generate an estimate of the posteriordistribution of νA:
P

(

νA|D, Cmin
A , Cmax

A

)

≈
1

M

M
∑

i=1

B
(

νA|Ψ
(i)
A + α, Ψ

(i)

A + β
)

´ Cmax

A

Cmin

A

B
(

νA|Ψ
(i)
A + α, Ψ

(i)

A + β
)

dνA

I
(

Cmin
A ≤ νA ≤ Cmax

A

)

,(3)where the supers
ript (i) represents the ith sample and we have M samples.The integral is easily 
al
ulated using the trapezoid method.1.3 Proposing and 
onditionally a

epting ρ
∗
A, k∗

A, and H
∗
AWe adopt a Reversible Jump Metropolis-Hastings s
heme (Green, 1995) wherewe propose a new number of rate states kR

∗ and a new set of rate states ρR
∗ from

kR and ρR. This is done using a birth move (with probability bk), a death move(with probability dk) or a relo
ation of one of the rate states (with probability
rk). A new HR

∗ is then proposed given the new ρR
∗. The new set of ratestates ρR

∗ is then a

epted with a probability su
h that given ergodi
ity, theMarkov 
hain is guaranteed to 
onverge in distribution to the 
orre
t posteriordistribution. This pro
edure is similar to the reversible jump move (b) fromBoys and Henderson (2004).
ρT and kT are adapted in the same way with identi
al derivations, so weonly show the derivation for ρR and drop the R subs
ript on kR. To use theReversible Jump method, we need to spe
ify how we propose k∗ and ρ

∗
R. The setof all possible proposal moves is outlined in Table 1. Note that k∗ is proposedsu
h that the Hastings fa
tor 
an
els out against the prior ratio. Lastly, wepropose H

∗
R ∼ P (·|νR, ρ∗

R, k∗,HS,HT ,D) as des
ribed in Se
tion 1.1.The a

eptan
e probability a of k∗, ρR
∗, and HR

∗ is min {1, AB}, where:
AB = Likelihood ratio×Prior ratio×Inverse proposal probability ratio×|det (Ja
obian)| ,(4)see Green (1995) � our formulation is 
loser to that of Su
hard et al. (2003).We �rst derive the a

eptan
e probability of a birth move. We �rst propose2



Table 1: Possible proposal moves, the probability with whi
h they are sele
ted,and the 
orresponding proposal probability πM (ρR
∗|ρR) for ρR

∗. All π distri-butions presume that ρR
∗ is a valid proposal given the move type, as otherwisethe π distributions are not normalised. We use c = 0.4 � see Green (1995).Movetype Probability of moveand proposal for ρR

∗
Des
ription of how ρR

∗ is proposedBirth
k∗ =
k + 1

bk =

c min
{

1,
P (k+1)

P (k)

}

πb (ρR
∗|ρR) =

1
k+1Q (ρR

∗)

A new rate is sampled from Q in Equa-tion (??), the prior distribution on ρR fora single rate. Where to insert the new ratestate is randomly and uniformly sampledfrom the k + 1 possibilities.Death
k∗ =
k − 1

dk =

c min
{

1,
P (k−1)

P (k)

}

πd (ρR
∗|ρR) = 1

k

A randomly 
hosen rate is deleted.Relo
ation
k∗ = k

rk = 1 − (bk + dk)
πr (ρR

∗|ρR) =
1
k
Q (ρR

∗)

An existing rate fa
tor position is ran-domly 
hosen, and its position re-sampledfrom Q (see birth move).a new rate state ρR
∗ from QR in Equation (11) in the paper. We then map

(ρR, ρR
∗) to (ρR

∗). In Equation (4), the Ja
obian term refers to this mapping,and det stands for the determinant. This mapping is a permutation, hen
ethe Ja
obian is a permutation matrix, whi
h implies det (Ja
obian) = ±1, so
|det (Ja
obian)| = 1.From Equations (11), (12), and (13), all from the paper, and Table 1 we seethat after 
an
elling, the terms (by their initials) are:LR =

P (D|HR, k, νR, ρR,HS ,HT )

P (D|HR
∗, k + 1, νR, ρ∗

R,HS,HT )PR =
P (HR|k, νR, ρR)

P (HR
∗|k, νR, ρR)

P (k + 1)

P (k)

P (ρR
∗|k + 1)

P (ρR|k)

=
P (HR|k, νR, ρR)

P (HR
∗|k, νR, ρR)

P (k + 1)

P (k)
[Q (ρR

∗)]IPPR =
P (HR|k, νR, ρR,HS,HT ,D)

P (HR
∗|k + 1, νR, ρ∗

R,HS ,HT ,D)

dk+1πd (ρR|ρR
∗)

bkπb (ρR
∗|ρR)

=
P (HR|k, νR, ρR,HS,HT ,D)

P (HR
∗|k + 1, νR, ρ∗

R,HS ,HT ,D)

P (k)

P (k + 1)

k + 1

k + 1

1

Q (ρR
∗)

.All terms not involving D and HR 
an
el between PR and IPPR. LR andPR together form a ratio of joint distributions over D and HR whi
h in turnsimpli�es against the ratio of distributions over HR 
onditioned on D in IPPR.Hen
e:
AB =

P (D|k + 1, νR, ρR
∗,HS ,HT )

P (D|k, νR, ρR,HS ,HT )
, (5)3



where due to the HMM stru
ture, P (D|ρR
∗, k + 1,HS ,HT , νR) 
an be 
om-puted from Equations (12) and (13) in the paper in linear time with a dynami
alprogramming algorithm known as the forward algorithm (Rabiner, 1989). Notethat the stated dependen
e on the 
onditioning variables be
omes 
lear from the
onditional independen
e graph of Figure 1b in the paper and the properties ofthe Markov blanket, as dis
ussed above.The same 
an
ellations and simpli�
ations o

ur when 
onsidering the a
-
eptan
e probability of the death move as the death move is the inverse of thebirth move. Hen
e the a

eptan
e probability of a death move is the same (af-ter repla
ing k∗ = k + 1 with k∗ = k − 1) . The a

eptan
e probability of arelo
ation is also the same (after repla
ing k∗ = k+1 with k∗ = k) as relo
ationmoves are symmetri
al to themselves, in the same way as the birth and deathmoves are symmetri
al.Note that Equation (2) does not apply when k = 1 as there is only a singlepossible HR. Hen
e νR has no e�e
t on the likelihood. When moving fromtwo rates to a single rate state, νR is removed from the system. Correspond-ingly, when moving from a single rate state to two rate states, νR is proposedfrom the prior. To see that this leaves the a

eptan
e ratios un
hanged, �rst
onsider the death move from two rate states to a single rate. We have anextra P

(

νR|C
min
R , Cmax

R

) in the denominator of PR, and a new proposal term
Q (νR) in the numerator of the IPPR. We set Q (νR) = P

(

νR|C
min
R , Cmax

R

) sothat these terms 
an
el, leaving the a

eptan
e probability un
hanged. The re-verse argument applies to the birth move, so the a

eptan
e probability is againun
hanged.1.4 Spe
i�
 Markov 
hain settings and 
onvergen
e diag-nosti
sTo 
he
k for 
onvergen
e, we used the method of Gelman and Rubin (1992)and 
omputed the Potential S
ale Redu
tion Fa
tors (PSRF) of HR,t and HT,tfor t ∈ {1, . . . , N}, and νA. These 
hara
teristi
s were 
hosen as they areinvariant to the dimensionality of the parameter spa
e. All results presentedin the paper, for all models, were run at least in tripli
ate (with the ex
eptionof the initial ν explorations and the syntheti
 
odon e�e
t study, whi
h wererepeated 10 times). For our proposed model, the initial number of rates waspi
ked uniformly between 1 and kmax, with ea
h rate sampled randomly from theuniform distribution. In this paper, we are mainly interested in investigating therate along the alignment, so all runs were started with only a single transition-transversion ratio, randomly sampled from the uniform distribution.We dis
arded the �rst 10,000 iterations of the PRJ-FHMM samples as theburn-in period. Then, for the next 200,000 iterations every 10th sample waskept so that we 
ould form the posterior summaries. The MCP of Minin et al.(2005) was run for 200,000 burn-in iterations, followed by 4,000,000 samplingiterations where every 200th sample was kept. These lengths were 
hosen asthey resulted in similar 
onvergen
e indi
ations, as measured by the PSRF. The4



high PSRF was 
onsistently less than 1.08 (and often mu
h less), indi
ating asu�
ient degree of 
onvergen
e. The proposed sampling s
heme was extensivelytested on syntheti
 data and its results 
ompared to using numeri
al integrationon simple 
ases. In order to keep this arti
le 
on
ise, these results are presentedelsewhere � see Lehra
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