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ABSTRACT

Article: In the article we propose a non-linear and non-homogeneous
generalization of the classical BGe score for Bayesian networks. The
method is based on a mixture model, using latent variables to assign
individual measurements to different classes. The practical inference
follows the Bayesian paradigm and samples the network structure,
the number of classes and the assignment of latent variables from
the posterior distribution with MCMC, using the recently proposed
allocation sampler as an alternative to RIMCMC.

Supplementary material: Due to space restrictions of the article we
provide some additional information as supplementary material. This
supplementary paper on theoretical aspects (T) presents more details
of the mathematical theory. Section 1 gives a detailed overview to
Bayesian network methodology. Section 3 deals with the proposed
BGM model and the corresponding MCMC sampling scheme. The
BGe scoring metric and its straightforward extension to the new BGM
model is discussed in Section 4. Section 5 deals with predictive
probabilities for BGe and BGM. The implementation details of all
applied algorithms and additional figures and tables are available as
a separate supplementary paper on experimental aspects (E).
Availability: This supplementary paper on theoretical aspects (T) is
available from
http://www.bioss.ac.uk/associates/marco/supplement/T.pdf

A separate supplementary paper on experimental aspects (E) with the
implementation details and additional figures and tables is available
from

http://www.bioss.ac.uk/associates/marco/supplement/E.pdf

The data sets used in our study are available from
http://www.bioss.ac.uk/associates/marco/supplement/

Contact: marco@bioss.ac.uk, dirk@bioss.ac.uk

1 BAYESIAN NETWORK METHODOLOGY

This first section of this supplementary paper on theoretical aspects
(T) gives a more detailed introduction to standard Bayesian network
inference. The first subsection describes the Bayesian network
model, the second summarizes the structure MCMC sampling
scheme for Bayesian networks developed by Madigan and York
(1995). Additional information on edge posterior probabilities, ROC
curves and AUROC values is given in the third subsection.

1.1 Bayesian networks

Static Bayesian network¢BNs) are interpretable and flexible
models for representing probabilistic relationships between
interacting variables. At a qualitative level, the graph of a BN
describes the relationships between the domain variables in the
form of conditional independence relations. At a quantitative level,
local relationships between variables are described by conditional
probability distributions. Formally, a BN is defined by a graph
G, a family of conditional probability distribution§&, and their
parameters;, which together specify a joint distribution over the
domain variables.

The graphg of a BN consists of a set oV nodes (variables)
Xi,...,Xn and a set of directed edges between these nodes. The
directed edgeéndicate dependence relations. If there is a directed
edge pointing from nodé&; to nodeX, thenX; is called aparent
(node) of X;, and X; is called achild (node) of X;. The parent
setof nodeX,,, symbolicallyr,, is defined as the set of all parent
nodes ofX,,, that is, the set of nodes from which an edge points
to X,, in G. We say that a nod4’,, is orphanedif it has an empty
parent setr, = (. If a node X, can be reached by following

a path of directed edges starting at nodg, then X, is called a
descendanof X;. The structure of a Bayesian network is defined
to be adirected acyclic graphthat is, a directed graph in which

no node can be its own descendant. Graphically this means that
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there are no cycles of directed edges (loops) in DAGs. It is due tdheir posterior probabilitie® (G| D, F, q). We assume that the data
the acyclicity that the joint probability distribution in BNs can be matrix D is of sizeN-by-m and each of the: columns corresponds
factorised as follows: to an independent realisation of the doman, ..., Xn. D; ; is
the j-th observation of the-th domain nodex;.

Neglecting the family of probability distributiong” and their
parameters;, we have for the posterior probabilit? (G|D) of a
DAG ¢ given the data matri®:

For further details, see Jensen (1996). Thus, DAGs imply
sets of conditional independence assumptions for BNs, and so
factorisations of the joint probability distribution in which each
node depends on its parent nodes only. But more than one DAG
can imply exactly the same set of conditional independencieswherebyP(G) (G € ) is the prior probability over the spaée
and if two DAGs assert the same set of conditional independencef all possible DAGs over the domailiy, ..., Xy. P(D|G) is the
assumptions, those DAGs are said taelygiivalent This relation of  marginal likelihood, that is the probability of the graghgiven the
graph equivalence imposes a seeqtiivalence classeser DAGs.  data matrixD. A commonly used graph priaP(G) (G € Q) is a
The DAGs within an equivalence class have the same underlyingniform distribution ovef2. Another graph prior is given by:
undirected graph, but may disagree on the direction of some of

N
P(X1,... Xn) = || P(Xnlma) @

_P@G.D)____P(DI) P
PO ="pD) = T PDIG) - PG

)

the edges. (Verma and Pearl, 1990) prove that two DAGs are 1 X N—1)\"
equivalent if and only if they have the sarskeletonand the same P@) =g ( 7] ) 3)
set ofv-structures The skeleton of a directed acyclic graph (DAG) n=1

is defined as the undirected graph which results from ignoring . L . L

all edge directions. And a v-structure denotes a (:onfiguratioﬁ(vheren is a normalization constgnt, ‘de"! is the ca_rdlngll_ty

X, — X, < X, of two directed edges converging on the sameOf the parent setr,,. Th_e gr:_:lph prior given in Eq. (3) implicitly _
nodeX,, without an edge betweeki; and X, (Chickering, 1995). assumes thgt the cardlr?alltles of the parenF sets for each domain
Although Bayesian networks (BNs) are based on DAGs, it iSnode are uniformly dl_strlbuted and, hence, includes a penalty for
important to note that not all directed edges in a BN can becomplex networks'(Frledman _and Koller, 2003?' . .
interpreted causally. Like a BN, @ausal networks mathematically Ther(.e.are two major S.tO(.:haStIC models for which certaln.regularlty
represented by a DAG. However, the edges in a causal network havk n_dltlons can b_e s_atlsfled, so that a closgd-fc_)rm SOll.mon can be
a stricter interpretation: the parents of a variable are its immediat er_lved for the likelihoodP(D|G) by analytical integration. See
causes. In the presentation of a causal network it is meaningfuﬁzelger and Heckerman (1994) and Heckerman (1999) for further

to make thecausal Markov assumptio(Pearl, 2000): Given the details. The posterior probability’(G|D) (see Eq. (2)) has a
values of a variable’s immediate causes, it is independent of itgnodular form:

earlier causes. Under this assumption, a causal network can be N

ﬁnterpreted as a BN in that it satisfies the corresponding Markov P(G|D) = L H exp(tp[Xn, 7 |D]) %)
independencies. However, the reverse does not hold. Ze oy

The probability models for BNs we will consider in this paper lead

to the same scores for equivalent DAGs, so that only equivalencklere, Z. is a normalization factor, an@[X,,r,|D] are local
classes can be learnt from data. Chickering (1995) shows thacores that are computed from the ddPaand depend on the
equivalence classes of DAGs can be uniquely represented usingarent setsr,, implied through the DAGSG. The local scoreg)].]
completed partially directed acyclic grapl€PDAGs). A CPDAG  are defined by the employed probability model. The two major
contains the same skeleton as the original DAG, but possesses batochastic models, leading to a closed-form solution, are 1) the
directed and undirected edges. Every directed edge~ X, of a linear Gaussian model with a Normal-Wishart distribution as the
CPDAG denotes that all DAGs of this class contain this edge, whileconjugate prior (BGe-model), and 2) the multinomial distribution
every undirected edge&; — X, in this CPDAG-representation with a Dirichlet prior (BDe-model). A comparison of these models
denotes that some DAGs contain the directed edge— Xj, in the context of reverse engineering gene regulatory networks can
while others contain the oppositely orientated edge — X;. be found in Friedmart al. (2000). In this article we focus on an
An algorithm that takes as input a DAG, and outputs the CPDAGnon-homogeneous extension of the BGe-model. See Geiger and
representation of the equivalence class to which that DAG belongdjleckerman (1994) or Grzegorczg al. (2008) for more detailed

can be found in (Chickering, 2002). presentations of the BGe model for Bayesian networks.
Stochastic models for Bayesian networks (Friedmetn al, When instead ofm independent observations for the domain
2000) specify the distributional fornf" and the parameterg of X1,...,Xm time series datdX1,,... Xn.¢)i=1,...,m have been

the local probability distributionsP(X,|m,) (n = 1,...,N). collected dynamic Bayesian networkBBNs) can be employed. In
They assert a distribution to each domain nak¥lg conditional DBNs each edge corresponds to an interaction with a time delay
on its parent setr,,, whereby the parent sets are implied through 7; e.g. forr = 1 an edge pointing frond; to X; means that the
the underlying DAG. The local probability distributions together realisationz; ; of X; at time pointt is influenced by the realisation
specify the joint probability distribution of all domain variables z; .1 of X; atthe previous time poirit-1. In DBNs parameters are
P(Xi,...,Xn) (see Eqg. (1)). Consequently, given ddPathese tied such that the transition probabilities between time slicesl
parametric models can be used to score DAGwIth respect to  andt are the same for all that is, DBNs are homogeneous Markov
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models. Because of the time delay of interactions the acyclicty ofind the acceptance probability 16r# G:
the underlying graply is not required, and Eq. (1) is replaced by:
T(G19) = Q(919) - A(G|9) )

N
P(X14,. X)) = [[ P(Xntlmne1) (5) and
n=t T(G19)=1— > Q|9 AG|F).

. . . GEN(G)
wherer,, .1 denotes the parent set&f, at the previous time point

t — 1. Accordingly, the DBN counterpart of Eq. (4) is given by: Per construction it is guaranteed that the Markov transition kernel
satisfies the equation of detailed balance:

N
PEID) = o [] ep(@(Xns mealD) (6 P@ID) _ T(19) 10

We note that no realisations for the potential parent nodes of th&nder ergodicity, that is a sufficient condition for the Markov chain
domain variablesY; ; at the first time point{ = 1) are available.  {G,} to converge, the posterior distributié?(G|D) is the stationary
Consequently the first observations faf 1,..., X1, at time  distribution:
point¢t = 1 cannot be included when computing likelihoods for
DBNs. That is, for time series of length the effective sample size P(G|D) = > T(G|G) - P(G|D). (11)
that can be used for the computation of DBN likelihoods is equal to g
m — 1.

The structure MCMC sampling scheme for static Bayesian
1.2 Structure MCM C sampling of Bayesian networks networks (BNs) can be straightforwardly modified in order to
In the context of static Bayesian networks (BNs) Different Markov S2Mple dynamic Bayesian networks (DBNs). For (static) BNs the
chain Monte Carlo (MCMC) methods have been proposed fof€ighbourhoofa DAG G in Eq. (7) is defined as the collection
sampling directed acyclic graphs (DAGS) from the posterior of all DAGs that can be reached frog by deletion, .addltlon
distribution P(G|D) (Madigan and York (1995), Friedman and or_reversal of one single edge. _For DBNs we define tha_t the
Koller (2003), or Grzegorczyk and Husmeier (2008). The structurd€ighbourhood of a (not-necessarily acyclic) directed graph is the
MCMC approach of Madigan and York (1995) generates a Samplé;ollectlon of all (pot necessar_lly acyclic) dlfgcted graph_s that can be
of DAGS G, ..., Gr from the posterior distribution by a Metropolis reached frong either by deletion or by addition of one single edge.
Hastings sampler in the space of DAGs. Given a DG in a

first step a new DAGJ:.,1 is proposed with the following proposal ~ ~ reasonable approach adopted in most Bayesian network
probability Q(Gi+1G:): applications is to impose a limit on the cardinality of the parent

sets. This limit is referred to as ttian-in. The practical advantage
| N of the restriction on the maximum number of edges converging
Q(Gir1)Gi) = { Wiyl 9+ € (G:) } ) on a node is a reduction of the computational complexity, which
0 2 Git1 & N(Gi) improves the convergence. Fan-in restrictions can be justified in the
context of biological expression data, as many experimental results
where N(G;) denotes theneighbourhoodof G;, that is, the have shown that the expression of a gene is usually controlled by
collection of all DAGs that can be reached fra#a by deletion, a comparatively small number of active regulator genes, while on
addition or reversal of one single edge of the current grggh  the other hand regulator-genes seem to be nearly unrestricted in the
and |\ (G,)| is the cardinality of this collection. We note that the number of genes they regulate. The imputation of a fan-in restriction
new graphG;.1 has to be acyclic, so it has to be checked whichleads to a further reduction of the graph’s neighbourhoods: Graphs
edges can be added 3 and which edges can be reversed in that contain nodes with too many parents, that is more than the fan-
G; without violating the acyclicity-constraint. In the Metropolis in value, have to be removed from the respective neighbourhoods.
Hastings algorithm the proposed gragh;: is accepted with the
acceptance probabilityd (Gi+1|G;) =min{1, R(Gi+1|G:)}, where

1.3 Posterior probability of edgesand AUROC
P(gi+l|D) Q(gz‘gHJ)

R(Git11G:) = . 8 diagnostics
Getl6) = @) QG ® °
Structure MCMC can be used to generate a graph saghple, Gr,
P(D|Gi+1) - P(Git1) . V(G and usually the next step is to compute posterior probabilities of
P(DIGi)- P(Gi)  IN(Giv1)l edges. We focus onndirected edgefor independent data (BNs)

and directed edgedor time-dependent (DBN) data. There is an
undirected edge betweeXy; and X; (i < j) in G if it possesses
while the Markov chain is left unchanged, symbolically.1 := G;, either the edgeX; — X or the edgeX; «— X, and there is a
if the new grapty;+1 is not accepted{; } is then a Markov chain  directed edge fronX; to X; (i # j) in the graphg if it possesses
in the space of DAGs whose Markov transition kerfi¢i|G) fora  the edgeX; — X;. An estimator for the posterior probabilities
move fromgG to G is given by the product of the proposal probability of an edgeF” is given by the fraction of graphs in the sample that
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contain the edge of interest: Moreover, we assume that independent priors can be assigned to the
parameters ig:

-

T
P(F|D) = %Z Ir(Gt) 12) P(qlK, ¢)
t=1

<
T P@lér) (15)
k=1

where I is a binary indicator variable over the space of graphs.where g, is the set of hyperparameters for the prior distribution
which is1 if the edgeF" is present in the DAG, and otherwise. of the parameterg, of the k-th mixture component, ang =
When the true graph or at least a gold-standard graph for the@T q_bT T
1 s PIC

domain is known, the concept &OC curvesand AUROC values

can be used to evaluate the network reconstruction accuracy of the IN classical Bayesian network approaches the marginal likelihood
Bayesian network inference. We assume that= 1 indicates that  Of & data seD given a graply is the integral over the parameter
there is an (directed/undirected) edge betw&eandX; inthe true ~ SPace:
graph, whilee;; = 0 indicates that this edge is not given in the true

graph. Baﬁsi\an network inference outputs a posterior probability
estimateP (F;;|D) for each edge;,. - .
Let €(0) = {eij‘PmD) > 9} denote the set of all edges = /P(D|q7 G)P(q1G)dq a7

whose posterior probabilitiy estimates exceed a given threshold 504 a closed-form solution for the BDe and BGe model
0. Given ¢ the number of true positive (TP), false positive (FP), can pe derived under two fairly weak assumptiofarameter
and false negative (FN) edge (relation) feature findings can b%dependenceneans that the prior distributio®®(g]G) of the
counted, and theensitivityS = TP/(TP + F'N) and theinverse  nknown parameterg can be factorised into a product of

specificityl = F'P/(T'N + F'P) can be computed. But rather than g psets of parametef’,, each associated with a local probability
selecting an arbitrary value for the thresh@ldhis procedure canbe  jistripution:

P(DIG) / P(D, qi6)di (16)

repeated for several values®fnd the ensuing sensitivities can be N
plotted against the corresponding inverse specificities. This gives the P(@19) = [] P(Gn)9) (18)
receiver operator charcteristiROC) curve. A quantitative measure n=1

for the learning performance can be obtained by integrating the RO@hereby ¢, consists of those parameters required for
curve so as to obtain the area under the ROC curve, which is usualjarameterising the local probability distributiof, given graphg.
referred to as AUROCvalue. We note that larger AURQGalues Parameter modularityneans that the probability of the parameter
indicate a better learning performance, whereby 1 is an upper limisubset;, in the local probability distributiod (g, |G) depends on
and corresponds to a perfect estimator, while 0.5 corresponds tothe parent variables,, of X,, in G only. Thatis, forn = 1,..., N
random estimator. it holds:

An alternative and more intuitive criteria is given By P|F P = 5) P(qn)|G) = P(qn)lmn) (19)
counts: For each MCMC output a threshaldis imposed on the | et D(n, .) denote the observations of theth domain nodeX.,
inferred edge posterior probabilities such that 5 false positive (FP the dataD, andD(r,., .) denotes the observations &f,'s parent
edges are extracted and the corresponding number of true positivRdesr,, in D. Under the assumption of parameter independence

(TP) edges, symbolicallyI’P|FP = 5), exceeding the threshold the Jikelihood can be factorised according to Eq. (1):
1, is counted (Werhlet al., 2006).

P(D|g7® = H P(X’ﬂ = D(”v .)|7Tn = D(an ')7 _?n)) (20)

2 THE GAUSSIAN MIXTURE APPROACH FOR nei
BAYESIAN NETWORKS Inserting Eq. (18), Eq. (19), and Eq. (20) in Eqg. (16) yields:
In this section we motivate the proposed Gaussian mixture approach
for Bayesian networks (BGM). The BGM model is based on the P(DIG) =
idea that the joint probability distributio® (X1, ..., X~) can be N
replaced by a mixture distribution: H / P(Xn = D(n,)|Gn, ®n = D(rn, .)) PG [7n) dd(m)
n=1"
K . This can be straightforwardly extended to the BGM model
P(Xy,...,XnIK, Q) = Z AeP (X1, ..o, XN|di) (13)  when the assumptions of parameter independence and parameter
k=1

modularity are extended with respect to a mixture model approach.

. . . - Fork =1,...K it can be assumed that:
whose number of mixture componeris mixture weights\ =

(A1, ..., )", and mixture components’ parameters in the vector N
7= (q",....q")" areregarded as unknowns. P(G|6) = [ P(@.m)19) (21)
The local probability distribution® (X, |7,,) in Eq. (1) can then n=1
be factorised accordingly, and we obtain: and
PGk, (m)|9) = P(qk,(m)|7n) (22)

K N . .
P(X1,..., XK, ) :Z)‘k H P (Xt ) (14) where ¢ (,) consists of those parameters required for

= o parameterising the local probability distribution of,, given
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a graphg, in which the parent set oX,, is m,,, in the k-th mixture P(D(‘jv’“)|g) is equal to 1. Following Nobile and Fearnside (2007)

distribution. we assume as prior ok the Poisson distribution with parameter
For the Gaussian mixture model the likelihood then factorises as\ = 1 restricted tol < K < Karax and that the probability
follows: distribution of the allocation vectd? conditional onk is given by:
P(DIG,K,q) = ZMkHP =D(n,.)|mn = D(mn;.), Te,(n)) . s
=1 onet ) PV =ulk,p) =[] pi* (26)

what in turn can be interpreted as a mixture of Bayesian network
BGe likelihoods (see Eq. (20)) wheig = (G (i), -- .,(j’,f,(n))T wherep = (p1, ..., pc) with S pr = 1arethe non-negative
is the parameter vector associated with khth Bayesian network —mixture weights, anchy. is the number of observations allocated

model in the mixture distribution. to the k-th mixture component by?. The prior on the mixture
weightsp = (p1,...,px)T is chosen to be a Dirichlet distribution

3 GAUSSIAN MIXTURE ALLOCATION MCMC Dir(au, ..., ax) with hyperparametersl = (a1,...ax)" so
INEERENCE that the posterior probability of’ conditional onK is given by

The third section of this supplementary paper on theoretica[DW(m+a1""’n’c+am'

aspects (T) deals with the novel non-linear and non-homogeneous R R

generalization of the classical BGe score for Bayesian networks. PVIK) = /dﬁP(V = 9|K, p) - P(p)

Gaussian mixture allocation MCMC inference (BGM) is based

on a mixture model, using latent variables to assign individual B P(ao) ﬁ I'(ak + nk)

measurements (observations of the domian) to different classes I'(ao +m) T'(ax)

(mixture components). The practical inference follows the Bayesian
paradigm and samples the graph structure, the number of class@gereag = a1 + ... + ax.
and the assignment of latent variables from the posterior distribution
with MCMC, using the recently proposed allocation sampler We know that in DBNs the variables at time point- 1 are
(Nobile and Fearnside, 2007) as an alternative to RIMCMC. Impotential parent nodes of the variables a time paidind we know
the first subsection we present the new BGM model. Subsequentlyhat the effective number of observations (sample size) for dynamic
in the second subsection we describe the BGM sampling schem@ayesian networks is therefore equakto— 1, as no observations
in detail. Finally, in the third subsection we discuss all different for the potential parent nodes of the domain variables at time point
MCMC move types in detail. t = 1 are available. Bearing this in mind, we interpret the allocation
3.1 Gaussian mixture Bayesian network model vectorV’ for DBNS as follows: Fort = 1,...,m — 1, V(t) = k
means that the domain variabl&s ;. at time pointt + 1, whose
We assume that we have either independent and identically potential parent nodes are the domain variables, . . ., X, at
distributed  (iid) observations (BNs) omn time dependent tme pointt, are allocated to thé-th mixture component. From
observations with a homogeneous first-order MakaV'a”thls point of view them-th (last) entry of the allocation vector is
dependence structure (DBNs) for the variablés, ... Xn. This  redundant and can be excluded from all operations that may change
gives a data set matrix of sizeé-by-m whereD. ; (j = 17 ---:M) ts value. Therefore, for the remainder of this paper we assume that
is the j-th observation of theV nodes. The allocation vectdi of  the |ength of the allocation vectodd are decreased by by — 1
sizem defines an allocation of the: observations tdC mixture  jnstead ofin) when they correspond to dynamic Bayesian network
componentsV(j) = k means that thg-th observation is allocated  (pgN) models.
to thek-th componentD¥**) denotes the data subset consisting of .
all observations allocated to tieth component by7 1<k<K). 32 MCMCinference
We assume that the joint posterior probability of a graghhan ~ The new Gaussian mixture Allocation MCMC sampling scheme
allocation vectorV, and K mixture components can be factorised (BGM) generates a sample from the joint posterior distribution
as follows: P(G,K,V|D) given in Eq. (24) and comprises five different types
of moves in the state-spaqé,lc,ﬁ]. The first move type is a
classical structure MCMC single edge operation on the g@ph
while the number of componenis and the allocation vector are
left unchanged. According to Eq. (7) a new graplis proposed,
and the new statfg, IC, 17} is accepted according to Eq (8) where
the likelihood termsP(D|G) in Eq. (8) have to be replaced by
s P(D|G, K, )7) terms given in Eq. (25). The four other move types
P(D|G,V,K) = H D(V m)g) (25)  are adapted from Nobile and Fearnsi(_je (2007) and operat on
or on K and V. If there areC > 2 mixture components, then
o . moves of the type M1 and M2 can be used to re-allocate some
In Eq. (25) the likelihood term®(D™*)|g) for the data subsets observations from one componehtto another onek. That is,
DV given the same grap can be computed independently a new allocation vectob* is proposed whileg and K are left
with the BGe scoring metric (Geiger and Heckerman, 1994). Ifunchanged. The EA move type chang@sandv An ejection EA
no observation is allocated to tieth componentp‘v =), move proposes to increase the number of mixture components by

revkp) = PEEEP xpe vk @)

= P(K)- P(VIK) - P(G) - P(D|G,V,K)

where
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1 and simultaneously tries to re-allocate some observations to filleplace thei-th entry of the allocation vectoy by component:
the new component. More precisely, it randomly selects a mixturdo obtainV(i «— k) (k = 1,...,K). We note thab)(i < k) is
component and tries to re-allocate some of its observations to thequal to the current allocation vectpr Subsequently, sample the
newly proposed componerit 4+ 1 while G is left unchanged. new allocation vectoP* from the full conditional distribution: For
Absorption EA moves are complementary to ejection EA moves and: = 1, ..., K:

decrease the number of mixture components.ldn EA absorption . ~

; P(G, V(i — k),K|D)

move randomly selects two mixture components and deletes one S s

) : . PV =V(i—k)):= (29)
of them after having re-allocated all its observations to the other Zk*—l P(G, V(i — k*),K|D)
component. The acceptance probabilities for M1, M2, EA ejection,
and EA absorption moves are of the same functional form: whereby it can be shown that the ratio on the right is equal to:

e {1 (17 K*) P(DIG,V*.K*) QW' V) P(IC*)} P(P(i — B)IK) - [1,ep 5 POVEED|G)
PVIK)  P(DIG,V,K) QW+ P(K) R

oy Zea{POG R [ POCEDD1G)}

where the likelihood terms have been specified in Eg. (25), th%ee Nobile and Fearnside (2007) for further details on this
proposal probabilities)(.|.) depend on the move type (M1, M2, systematic sweep Gibbs move.

EA), andK* = K for M1 and M2 moves, anfl* ¢ £ — 1, + 1

for EA moves. Finally, the Gibbs move re-allocates onIy one single3.3.3 The M1 Move on the allocation vectdr If there is one
observation by sampling its new allocation from the coresspondingomponent only, symbolicallyfC = 1, select a different type
Boltzmann distribution (see Nobile and Fearnside (2007)) whileof move. Otherwise randomly select two mixture componénts
leavingk andV unchanged. The next subsection discusses all BGMand k among thek available. Draw a random numbgrfrom a

moves in detail. Beta distribution whose parameters are equal to the corresponding
. . hyperparameters;, and o;, of the Dirichlet prior on the mixture

3.3 Movesfor BGM in detail weights. Re-allocating each observation currently belonging to the

Before the MCMC simulation is started, probabilitips (i = k-th or k-th component to componerit with probability 5 or

1,...,5) with p1 +...+ps = 1 must be predefined with which one to component: with probability 1 — 5 gives the new allocation

of these move types (structure, M1, M2, Gibbs, EA) is selected. TherectorV}*. Nobile and Fearnside (2007) show that for M1 proposal
classical structure MCMC move type (Madigan and York (1995)) probabilities holds:
changes the grapy anq leaves the number of componeiiis
and the allocation vectop unchanged. The other move types are QU V) {p(ﬁ*m) }1
immediately adopted from Nobile and Fearnside (2007). SR =
Y adop (2007) Q) | POVIK)

3.3.1 Structure MCMC Move on the gragh The first move ) )
type iS a Standard structure MCMC move in the graph Space' |§O that the Correspondlng terms in Eq (27) Cancel out. Furthermore,

proposes to change the current gra@hby adding, deleting or s the number of components is not changed either, all that
reversing a single edge as explained in detail in Section 1. Theemains to compute is the likelihood ratié:2L%V"%) For M1

- IR B P(D|G,V,K)
acceptance probability for a move froﬁ@,lﬁ V} to [G,K,V]is  moves all except thé-th and thek-th factor cancel out from the
given by:A =min{1, R} where ratio when the likelihoods are factorised according to Eq. (25).
Hence the acceptance probability for an M1 move frighiC, V]
to [G, K, V"] is given by:
e e POV
o : A= min {1, P@TPIG) POV PG
_ P (VVC) - P(g) ~P(D\g,]ﬁ,l€) RCI9) = e P(DFRIG)  P(DTRIG)
P(K) - P(VIK) - P(G) - P(DIG,V,K) Q(G]9)
- K Pk (A See Nobile and Fearnside (2007) for further details on the M1 move.
_ P P(D™P1G) N9 _
- PG H P(DVK)|G) ’ IV(G)| 3.3.4 The M2 Move on the allocation vectdr If there is one
k=1

component only, symbolicallf]C = 1, select a different move
type. Otherwise randomly select two mixture componentsnd

WhereQ(g|g) andQ(G|G) are the proposal probabilities for moves k among the/C available and then randomly select a group of
from G to G and vice-versa,\V'(G) and AV (G) are the sets of ~Observations allocated to componénend attempt to re-allocate

neighbour graphs af andgG, and Eq. (25) was used for factorising them to componenk. If the k-th component is empty the move
the IikelihoodsP(D(ﬁ”“)@) andP(D<‘7"“)|g) fails outright. Otherwise draw a random numbefrom a uniform

distribution on1,...,n; wheren, is the number of observation
3.3.2 Gibbs Move on the allocation vectb If there is one  allocated to thek-th component. Subsequently, randomly select
component only, symbolicalljC = 1, select another move type. observations from the, in component: and allocate the selected
Otherwise randomly select an observatiamong then available  observations to componeknto obtain the new allocation vectdy.

and determine to which componénfl < k < K) this observation ~ As K is not changed and all except theh and the:-th factor cancel
currently belongs. For each mixture componént= 1,...,K out from the ratio when the likelihoods are factorised according to
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Eq. (25),£he acceptance probability for an M2 move filgm/C, )7]
to [G, K, V*] is given by:

A:{l,

P(]_}*\IC) . Hjek %P(D(ﬁ*’j)‘g) . Q(f} |1_})} (31)
V

PYVIK)  Tleni POPIIG)  QOVIV)

Nobile and Fearnside (2007) show that for the proposal

probability ratio holds:

i B VR
QIVIV*)

it )l (n )l

can be selected by numerically solving the following equation:

['(2a)
[(a)

T'(a+ ng)

=0.1
I'(2a 4 ng) 0

whereby a lookup table was used in our BGM implementation. See
Nobile and Fearnside (2007) for further details.

The absorption move
Randomly select a mixture componént(l < k < K) as the
absorbing component and another comporfen{tl < k<K
with k& # k) as the disappearing component. Re-allocate all
observanons currently allocated to the disappearing compdnent
by V to componentk to obtain the new allocation vector”.

whereny andn;, are the numbers of observations allocated to theThen delete the (empty) componénto obtain the new number of

k-th andk-th component by7. See Nobile and Fearnside (2007) for componentsC” =

further details on the M2 move.

3.3.5 EA (ejection/absorption) moves on the number of, _

componentsiC and the allocation vecto®V: If there is only

one component, symbolicallg = 1, then an ejection move has to
be performed. If the maximal number of components is currently? =
given, symbolically = Karax, then an absorption move has to
be performed. Ifl < £ < K ax then perform an ejection move

with probability 0.5 and otherwise an absorption move.

The g ection move
Randomly select a mixture componeht(1 < k < K) as
the ejecting component. Make a drawe: from a Beta(a,a)

distribution and re-allocate each observation currently allocated to
component in the vector) with probabilitypx to a new (rejected)
component with labek’ + 1. Subsequently swap the labels of the
new (rejected) mixture componekit+ 1 with a randomly choosen

mixture component Iqbéd including the labelC + 1 of the ejected
componentitself{ < k& < K+1) to obtain the allocation vectdr*.

Nobile and Fearnside (2007) show that the acceptance probability

for an EA ejection move fronig, K, V] to [G, K*, V
A = {1, R} where:

V*] is given by

_ P(V'IK") P(DIG, V", K*) QUV*,K'|V,K]) P(K")
PVIK)  P(DIG,V,K)  Q(V,K]|[V,k*]) P(K)
andC* = K + 1.

K-1.
Nobile and Fearnside (2007) show that the accgptance probability
for an EA absorption move frong, K, V] to [G, K*, V*] is given by

{1, R} where:
P(V'IK*) P(D|G,V*,K") Q(IV',K']|IV.K]) P(K")
PYVIK)  P(D|G,V,K) Q(V,K]|[V*,k*]) PKK)
andk* =K — 1.

Nobile and Fearnside (2007) show that for the ratio of the
proposal probabilities holds:

QUV", K|V, KI)

: T(2q)
QY. K]|[V+, K*))

[(a)?

I'(a+ ng)C(a+ nk)
I'(2a + n})

where ny, is the number of observations allocated to th¢h
component im}*, ni, and n; are the numbers of observations
allocated to thek-th and k-th component byﬁ. Furthermore, it
holds:pa = 0.5if K = Kpax, pa =2if K =2,andps = 1
otherwise. For the likelihood ratio holds:

P(D|G, V", K") _ P(DYPg)
P(D|G,V,K) P(DVR)|G) - P(DV-R)|G)

4 BGE SCORE AND EXTENSION TO BGM

This section deals with the standard BGe scoring metric (Bayesian
metric for Gaussian networks having score equivalence) for

Nobile and Fearnside (2007) show that for the ratio of theBayesian networks. The first subsection focuses on BGe for

—

proposal probabilities holds:
V', K|V, K))

Q(
QV,KIV", k7))

wherew = kif k # k, andw = K + 1if & = k, ng is the
number of observations allocated to the¢h component i, n,
andnj, are the numbers of observations allocated to«@thtéh and
k-th component by*. Furthermore, it holdsys = 0.5 if K = 1,
pe = 21f K = Kyax — 1, andpe = 1 otherwise. For the
likelihood ratio holds:

. F(a)2 . T'(2a + ng)
“ PP T@a) T(a+ny)T(a+np)

P(DY"|G) . P(DY)[G)
P(DVH)|G)

P(D|G,V*,K*) _

P(D|G,V,K)

wherew = k if k # k, andw = K + 1 if k& = k. Following Nobile
and Fearnside (2007) the parametef the Beta(a, a) distribution

static data (independent observations of the domain) and dynamic
data (time series of the domain). The formula for the closed-
form solution of the marginal likelihood are given. In the second
subsection we explain how to expand BGe to the proposed BGM
model and provide all necessary formula.

41 BGe

Given a data seéP with m observations of the domaiX, . .., X,

let D, ; denote thej-th observation of thé-th domain nodeX;,

and letD.; = (Diy,...,Dn,;)" denote thej-th observation
vector of the domain. The BGe model (Geiger and Heckerman
(1994)) assumes that the set of observation vecfors (; =
1,...,m) is arandom sample from a multivariate Gaussian normal
distribution NV (j7,3) with an unknown mean vectofi and an
unknown covariance matrix. The prior joint distribution ofi and

W = ¥~ is supposed to be the normal-Wishart distribution, that is,
the conditional distribution ofi givenW is N (jio, v - W) such that
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v > 0, and the marginal distribution 6¥" is a Wishart distribution  dynamic Bayesian networks (DBNs) can be employed. In DBNs
with « > N + 1 degrees of freedom and precision matiix, each edge corresponds to an interaction with a time delayg. for
denotedW(«, Tp). The conditionae > N + 1 ensures that the 7 = 1 an edge pointing fronX; to X; means that the realisation
second moments of the posterior distribution are finite (see alsa;: of X; at time pointt is influenced by the realisation; +—1

Eq. (26) in Geiger and Heckerman (1994)). Geiger and Heckermanf X; at the previous time point — 1. This can be taken into
(1994) show that the likelihood (scor€)D|G) of the dataD given consideration in the context of BGe by building new matrices from
a graphg can then - under fairly weak conditions - be computed asthe original data matrix of siz&-by-m:

follows: We define:

vm _ — Dii Diz2 ... Dim—1 Dim
Tp :=To + Sp + ——— (flo — D) (fio — D) (33) Doy Daz ... Dom-1 Dom
v+m D= - . . . . (38)
where : . : : :
= 1 U DN,l DN,Q v lDN,anl DN,nL
Di=—> D, (34)
mia We build the following matrices of sizgV + 1)-by-(m — 1):
is the mean of then observation vectors and
D171 DLQ D17m_1
S = = Doy Dss ... Dom-
$0=3 (P, -D)(Py-D @ I I
=t D(i) = : : : : (39)
: Dni Dna ... Dnm-1
Furthermore, we set: Dis Dot Do

2 of D and adding the rowD; 2, ..., D; m), i.e. thei-th row of D
o _ shifted leftwards by 1, as theV + 1)-th row. For convenience, we
The likelihood can then be computed as follows (Geiger anddentify the(N + 1)-th row with a new domain variabl& v ;.

=1

n . -1
c(n, @) = {Qa-nm (/4 HF(O‘ +1l- 2)} @36) i=1,...,N.Thatis, we obtairD(i) by deleting the last column

Heckerman (1994)): Finally, we replace Eq. (37) by:
7 PO G (X mi)) N PO G (X,
P(D|g) = E (DT |G (1)) (37) P(D|G) = g ( (Z)p(p(i){m‘ﬂggm%ﬂ mi}) (40)

where X; is thei-th domain variabler; is the parent set of the 42 BGM

th domain variableX; in the graphg, D{¥+™:} andD1™:} are the _ _

data submatrices corresponding to the observations for the domaji{'€ results of the last subsection can be straightforwardly extended
variables in the setgX;, m; } and{; } only, andGr ({ X;, m; }) and to the BGM model by factonsnng_the likelihod®Bz s (D|G, V, K) _
Gr(m:) correspond to so callefll graphsfor the domain subsets according to Eq. (25). The (static) BGM counterpart of Eq. (37) is
(X;,m} and {r;}, that is, to subgraphs with maximal number 9VVen by:

of edges so that the subgraphs do not impose any independency

K N ¥ -
restrictions on the variables. P(DIG,V,K) = H H P('D(V,k),EXw HGr({Xi,mi}) (a1)
The likelihood of the data subs&t*} ¢ D corresponding to the i PR GR ()

m observations of the:-dimensional subset C {X1,..., Xn~}

of the N domain variables given a full grapli-(5) for the sub-  \yhereD(V#):5 is the data subset @ which is restricted to those
domain S can be computed as follows (Geiger and Heckermaryows that correspond to variables fhand to those columns that
(1994)): have been assigned to componkthty the allocation vectoy.
The (dynamic) BGM counterpart of Eq. (40) is given by:

n-m

P(D%|Gr(9)) = (zﬂ)fT.{ v }n/2.c(0(n,o¢)

v+m n,a+m)

det(T) % - det(T5)™ =" P(D(i) V0173 Gp (1))

3 (42)
whereD(i)(V¥)-5 is the data subset @P(i) which is restricted to
those rows that correspond to variablesSimnd to those columns

that have been assigned to comporiehy the allocation vectoy.

- L NV k) X N 17 .
P0G B, k0) = [] [ PR NG (X, )
k=11i=1

where Ty, «, and v are hyperparameters that have to be
specified, andlet (73’ ) anddet(7'3) denote the determinants of the
submatrice§’y’ and7’s consisting only of those rows and columns
that correspond to variables in the subsetT» was defined in 5 PREDICTIVE PROBABILITIES
Eg. (33), andc(n,a) and ¢(n,a + m) can be computed with In this section we describe how to compute predictive probabilities
Eq. (36). for Bayesian networks. The first subsection deals with BGe, and the
When (instead of independent observations) time series datsecond subsection fosuses on the novel BGM model. Finally, in the
(X1,4,...XnN,t)t=1,...,m have been collected for the domain, third subsection we give a brief summary of error propagation.
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5.1 Predictive probabilitiesfor BGe

We assume that we have a training dataZ3etf size N-by-m and
an independent test data sBtof size N-by-n for the domain
X1,...,Xn. As before, D;; and D; ; correspond to thg-th
observation of the-th domain nodeX; in D and D respectively.
We merge both data sets row-wise to obtain a new dat®3eif
size N-by-(m + m), and we define:

Sp,p+ =Y (D.;=D*)(D.;—D)"

Jj=1

iD —D*)-(D,;—-D*)"

(43)
where

(44)

Let S C {Xi,...,Xn} denote ann-dimensional subset
of the N domain variables. The predictive probability
P(D}H DY Gr(S)) for the data subséd®} ¢ D conditional
on the subseD{5} ¢ D and a full graphg(S) for the sub-domain

S can then be factorised using Eq. (15) of Geiger and Heckerma

(1994):

., D pist

g1

DY, Gr(9))

(45)
where D'*) and D'¥) denote thej-th observation of then-
dimensional sub-domaifi in D andD respectively.

=[[P@ DS, ..
=1

And in analogy to Eq. (15) in Geiger and Heckerman (1994) it can

be derived:

(2m)” 2" (

det(T5) "

v+m c(n,a+m)

n/2
P = : =
v+m+m c(n,a+m+m)

at+m+m
2

det(Tg )
(46)

wherea andv are hyperparameters that have to be specifigdl,
is the submatrix off» (see Eq. (33)) imposed by the subsebf

As before, denote by the graph, and le§ denote the vector of
parameters associated with We get the following expression for
the predictive distribution:

P(DID) = / dqP(DIG. ) - P(G.dID) (48)
A possible approach is to approximately sample grafghg and
{g:} from the posterior distributio® (G, §|D) with MCMC and to
approximate the integral in Eqg. (48) by a sum over this sample. A
better method is to use the expansiB(g, ¢|D) = P(q]G,D) -
P(G|D) and draw on the fact that

G.D) = [dP(PIG. ) P@E.D)  49)
can be calculated analytically. Inserting Eq. (49) in Eq. (48) yields:

Z\I/QD

which in practice is computed from a sampl&i,...,Gr}
approximately drawn from the posterior distributiét{G|D) with
McMme:

P(D|D) = P(G|D) (50)

(51)

T
Z (Gi,D

Consequently, an estimator for the predictive probability is given
by:

T
Ppge(D|D) = Z sce(D|D, Gi) (52)
and the probabilitie®zc. (D|D, G) are given by:
Ppce(DID,G) =
ﬁ PO XN o) X} gr({ Xy, mi))
=1 P(D(i){(:}|D(i) {7}, G (m:))
(53)

the domain variables, that is, the submatrix consisting only of those

rows and columns that correspond to variableS.in(n, a+m) and
¢(n, a+m+m) can be computed from Eq. (36)y, 5 is given by:

(m+7h)

TD T0+SDD+ v+ m+m (ﬁo—ﬁ)(ﬁo—ﬁ)T (47)

andTS » is the submatrix off’;, 5 imposed by the subsét of the

In Egq. (53) m; is the parent set of variableX; in G and
Gr({Xn+1,m}) andGr () are full graphs for the corresponding
subsets.

5.2 Predictive probabilitiesfor BGM

The results of the last subsection can be straightforwardly extended
to the dynamic BGM model whem m and a one-to-one

domam varlables That is the submatrix consisting only of thosecorrespondence between the observatior® Bnd D, e.g. implied
rows and columns that correspond to variableS.in by identical time points, is given. We assume that we have
a sample{[G1, Vi, K1), . [gT,VT,ICT]} approximately drawn

Predictive probabllltlesP(D|D) can be computed for static and from the posterior dlstr|but|orP(g V K|D) with MCMC. The

dynamic Bayesian networks with the BGe scoring metric. Here weBGM analogon of Eq. (52) is then given by:

focus on the predictive distribution for dynamic Bayesian networks

(DBNs), and we show that they can be estimated from a sample

{G1,...,Gr} approximately drawn from the posterior distribution

Proa (DID) =
P(G|D) with MCMC. e (D[D)

T
1 N .
T Z Psam(D|D, Gi, Vi, Ki) (54)
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where the probabilitiesIDBGM(ﬁ|D,gﬁ, K) can be factorised and draw on the fact that
according to Eq.( 25): _
. U(K,V,G,D) = / dgP(DIK,V, G, q) - P(GIK,V,G,D) (58)
PBGM(D\D g, V K) = H H . . ) )
e it can be calculated analytically. Inserting Eq. (58) in Eq. (57) yields:
p(f)( )(V k) {XN+1»7TZ}‘D( )(V k), {XN+177"1} gF({XN+1,7Tz})
P(D@G) VR A | D) VR Ami} G (my))

P(DID)= > W(K,V,G,D)- P(K,V,GID)  (59)

K,V,6
(55)
whichﬁ in practicea is computed from a sample
where D(i )(v )5 and D(i )(v k).5 are data subsets aD(s) {IK:, V1, G, [Kr,Vr,Gr]}  approximately drawn  from

and D(4), respectively, which are restricted to those rows thatthe posterior distributio®*(KC, V', G| D) with MCMC:
correspond to variables it and to those columns tbat have
been assigned to componehtby the allocation vectod). The P(ﬁ\D) _
probabilities in the numerator and denominator of each factor can -
be computed using a modified version of Eq. (46). That is, each
predictive probability P := P(DYF{SHDVRS) Gp(s)) 53 Error propagation
k), {S

fg(rvtg)e{g?ta %ubsgD : i M }gc (D) ;30'1?]'“0”;' on the SIUbiet The standard deviations of the estimatétsc. (D|D) in Eq. (52)

C D and afull graplGr or then-dimensional su
domainS C {Xi,...,Xn~} can be factorised using Eq. (15) of andPBGM(DlD) in Eq. (54) are given by:
Geiger and Heckerman (1994):

W (Ks, Vi, Gi, D) (60)

Nl =
.Mﬂ

=1

o {15}3;’(25|D)} =
_no v+ myg n/2 c(n, o + my) T 1/2
P = 2 7 | — . ~ . 2
v+ mE + my c(n, o+ my + Mmy) Z (PBG8 (DD, G:) — PBGE(D|D))
= atm 5 atmy+m i=1
det(TY M) "2 det(T %) -5+
(56)
wherea andv are hyperparameters that have to be specified, { Proa(D }
andrny, are the numbers of observations that are allocated té-the
th mixture component by, c(n, a + my) andc(n, o + my. + M) T
can be computed from Eq. (36)1“7(3v #)5 and T(V )5 can be < Z (PBGM (DID, Gi, Vi, Ki) — Ppan( D|D )
1=1

computed using Eq. (33) and Eq. (47) after havmg replabed
and D by the data subse®¥¥):S and DV*)-S | 1 and i by
my, and i, 4io by the subvectoyi;” consisting of those entries  Applying the statistical rules of error propagation(f(z)) =
onIy corresponding to variables i, and Ty by the submatrix f'(x) - o(x)) for the log.(.) transformation we obtain that
Ty consisting of those rows and columns only corresponding tahe standard deviations of the logarithmic predictive probability

variables inS. We note that the means in Eq. (34) and Eq. (44) a“destlmatorsloge(PBGe(D\D)) and lOge(PBGM (D|D)) are given
the covariances in Eq. (35) and Eq. (43) are thedimensional, by:

that is, restricted to the variables . Furthermore,mm and m

are replaced byn; and my, as the means and covariances are G{P/BEE(ﬁ\D)}
computed for the subset of observations that are allocated to the o {loge(@e(ﬁlD))} =—
k-th mixture component by. Ppce(D|D)

o { Prc(DID)}
Psan(DID)

Finally, we note that Eq. (54) can be derived in analogy to ) Poo (DD
Eg. (52) in the last subsection. J{ 0g¢(Pp (D) ))}
For BGM we get the following expression for the predictive
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