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ABSTRACT

Article: In the article we propose a non-linear and non-homogeneous
generalization of the classical BGe score for Bayesian networks. The
method is based on a mixture model, using latent variables to assign
individual measurements to different classes. The practical inference
follows the Bayesian paradigm and samples the network structure,
the number of classes and the assignment of latent variables from
the posterior distribution with MCMC, using the recently proposed
allocation sampler as an alternative to RIMCMC.

Supplementary material: Due to space restrictions of the article
we provide some additional information as supplementary material.
The implementation details of all applied algorithms are given in
Section 1. Additional figures and tables are provided in Section 2. The
computational complexity of the proposed BGM algorithm is briefly
discussed in Section 3. Finally, in Section 4 we provide a theoretical
comparison with two related approaches by Lebre (2008) and Ko et al.
(2007).

Availability: This supplementary paper on experimental aspects (E)
is available from
http://www.bioss.ac.uk/associates/marco/supplement/E.pdf

A separate supplementary paper on theoretical aspects (T) providing
a more detailed presentation of the mathematical methodology is
available from
http://www.bioss.ac.uk/associates/marco/supplement/T.pdf

The data sets used in our study are available from
http://www.bioss.ac.uk/associates/marco/supplement/

Contact: marco@bioss.ac.uk, dirk@bioss.ac.uk

1 IMPLEMENTATION DETAILS

applications we used the following settings: For structure MCMC
we set the burn-in length to 1,000,000 and then collected 500 graphs
{G1,...,Gs00} by sampling every 2000 iterations. For BGM we
set the probability for a structure MCMC move to 0.5. And the
probabilities of the other four move types, which all leave the
graph G unchanged, are set to 0.125. The maximal number of
componentsCar 4 x was set to 10 and we note that this upper limit
was never reached during any MCMC simulation. Equal to the
structure MCMC setting we set the burn-in length to 1,000,000 and
then collected 500 state%[gl, K1, ﬁ1]7 .« +y[G500, K500, \_}500]}
each consisting of a graggh, a number of mixture components,

and an allocation vectds;.

Following Werhli et al. (2006) we restricted the fan-in to 3
and employed the graph prioP(G) given in Eq. (3) of the
supplementary paper on theoretical aspects (T) when analysing the
synthetic Gaussian data. This guarantees that our results forl
are comparable to those of Werblial. (2006). But the graph prior
employed by Werhliet al. (2006) yields an intrinsic penalty for
complex networks (see Subsection 1.1 of the supplementary paper
on theoretical aspects (T)). Therefore and as we did not have any
biological prior knowledge about the interactions in the macrophage
and the Arabidopsis domain, the analysis of the gene expression
data was performed with a uniform prior over graphs instead, i.e.
every graph was set to be equally likely a priori. Furthermore, we
decided not to restrict the fan-in for these relatively small domains
with N = 3 (macrophage) and/ = 9 (Arapidopsis) nodes only.

For the time series we did not allow feelf-loops that is we did
not allow that a node can be its own parent node, by restricting the
graph’s neighbourhoods in Eq. (7) of the supplementary paper on

We implemented structure MCMC according to the presentations
given in Madigan and York (1995), and in all experimental
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theoretical aspects (T) correspondingly. We decided to exclude selfii) that equal marginal likelihoods are given to equivalent DAGs.
loops, as they mainly capture degradation processes which are nSee Giudici and Castelo (2003) for further details.
of interest for modelling the regulatory interactions between genes.

Finally we note that we always performed two independent
structure MCMC runs for each inference model: BDe, BGe, and® SUPPLEMENTARY FIGURES AND TABLES
BGM on every data set. Following Friedman and Koller (2003), weThis second section provides additional figures and tables, which
started the structure MCMC simulations with the BDe metric and- due to space limitations - could not be included in the main
the BGe metric from the following initialisations: (i) As uninformed paper. Most of the captions are self-explanatory, but some further
initialization the first structure MCMC run was always seeded byexplanations are given in the text. Figure 1 shows histograms of the
an empty graph without any edges. (ii) To obtain an informedposterior probabilities of the number of MCMC inferred mixture
initialization we always performed a greedy search algorithm anccomponents for the synthetic Raf-Mek-Erk pathway data @/th<
seeded the second structure MCMC run with the most likely graphn < 180 data points. It can be seen that the proposed BGM model
outputted by greedy search. We initialised the proposed BGMends to infer the correct number of mixture components for these
algorithm with the same graph as the corresponding BGe structurdata sets. There are only 3 out of 16 combination& @ndm for
MCMC simulation, and the number of mixture components was setvhich an incorrect number of components was inferred, namely:
to £ = 1 so that all observations were allocated to the same singl¢X = 3,m = 60), (KX = 5,m = 60), and(K = 5,m = 180).
mixture component at the beginning of the MCMC simulation. We Especially for the data sets witirryr = 5 mixture components
note that BGM inference with the restrictidd = 1 is equivalent it appears that this inaccuracy of the BGM inference is due to the
to structure MCMC inference with the BGe scoring metric. Hence,fact that there are only few observations per mixture component,
a greedy search based on BGe can be seen as a greedy seanamelym,; = 12 form = 60 andm,; = 36 for m = 180, so that the
based on the BGM model under the constraint that there is exactlposterior probability landscape may be relatively flat around the true
one mixture component, symbolicall) = 1. We note that it  regulatory relationships. It can be seen from Figure 3 in the main
may be advisable to initialise the BGM algorithm not only with a paper that the BGM inference on the number of mixture components
graph found by a greedy search algorithm based on BGe but aldmecomes more accurate when more data poimis= 480) are
with an allocation vector outputted by a classification or clusteravailable.
algorithm. In our experiments we deliberately avoided to employThe time series of the analysed Interferon regulatory factors (Irf1,
a more informative initialisation for BGM to demonstrate that BGM Irf2, and Irf3) and scatter plots of the three Irf genes are shown in
succeeds in inferring the true relationships - and especially th&igures 2 and 3. In both plots symbols indicate to which mixture
mixture components - independently of the initialisation. component the observations were allocated. Concrete allocations

Edge posterior probability scatter plots and trace plot diagnosticsyere obtained by imposing thresholds on the connectivity matrices,
e.g. of the number of edges of the sampled graphs or of theiwhereby for each condition (CMV, IEN and CMV+IFN,) the
logarithmic scores, were used to assess convergence. Excep for tthreshold was selected such that an allocation consistent with
synthetic Raf-Mek-Erk pathway data withh = 480 data points  the trends indicated by the corresponding heat matrix (shown in
(where some MCMC simulations did not converge satisfactorily) weFigure 5 of the main paper) was obtained. From the time series
could see from the edge posterior probabilities that the total MCMCand the scatter plots it appears that the inferred mixture components
run-length of 2,000,000 for relatively small domains (betwaén- differ with respect to the marginal distributions of the three Irf
3andN = 11 nodes) had led to a satisfactory degree of convergencegenes; especially in Figure 3 most of the observations allocated to
(Pearson correlation coefficients greater than 0.98) for all thre¢he same component tend to appear as clusters of points in the scatter
inference models (BGe, BDe, and BGM). Therefore we report onlyplots.
the results of the empty-seeded runs in the article and point out thathe directed edge posterior probability estimates for the Interferon
we had some convergence problems for the Raf-Mek-Erk pathwayegulatory factor domain derived from BDe, BGe and BGM
data withm = 480 data points. inference are given in Table 1. A concrete network prediction can

The hyperparameters of the BGe and BGM models (sede obtained from the estimates in Table 1 by imposing a threshold
Section 4.1 of the supplementary paper on theoretical aspects (T@nd extracting those edges only whose posterior probability estimate
were set as followsy = 1, « = N + 2, iy = (0,...,0)T and exceeds the predefined threshold. The AUROC scores resulting
To = 0.5 - In,nv Wherely n is the N-by-N identity matrix andvV from the posterior probability estimates in Table 1 - under the
is the number of domain variables. The choice$wandi, ensure  assumption that the true regulatory relationships are as follows:
that we are not explicitly biasing our inference to any particularIrf2 « Irfl — Irf3 (Darnell et al. (1994) and Razat al.
edge (Friedmaet al,, 2000). They reflect a prior belief where Al (2008)) - are shown in Figure 6 panel (d) of the main paper.
domain variables (genes) are identically and independently standaithe time series of the nine circadian genes in Arabidopsis thaliana
Gaussian distributed (with mean 0 and variance 1). The effectivare shown in Figure 4. Obviously all these genes have a strong
sample size parametetrsand o were set to small values, as this 24hr circadian rhythm, and interestingly it can also be seen that
ensures that the weight of the prior distribution (inducedTdy  the light:dark entrainment shifts the gene expression profiles. For
and /ip) is as uninformative as possible subject to the constrainmost of the circadian genes the dashed lifigs (corresponding
that the resulting covariance matri&> (see Section 4.1 of the to 14h:14h entrainment) seems to be shifted by approximately 2
supplementary paper on theoretical aspects (T)) is non-singuldrours compared to the solid lind, corresponding to 10h:10h
(Geiger and Heckerman, 1994). The prior parameters for the BDentrainment). This is in agreement with the BGM inference result
model were selected as in Giudici and Castelo (2003) to ensure (ivhere heat maps (see panels (c) and (d) in Figure 7 of the main
that the prior is uninformative (total prior decision was set to 1) andpaper) also indicate a time shift. Although the time lags differ (4-6
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hours instead of 2 hours) it seems that the general trend, i.e. a timend Husmeier (2008). Unfortunately, this approach is not applicable
shift, has been captured by the proposed BGM model. to the proposed BGM model, as the reassignment of allocation
The directed edge posterior probability estimates for the circadiavariables requires a computationally expensive re-computation of
genes in Arabidopsis thaliana are given in Tabl&3) and Table 4  the scores on which the proposal distributions depend. We therefore
(T»s). As explained above, concrete network predictions can béwave to resort to classical structure MCMC Madigan and York
obtained from these estimates by imposing an arbitrary threshol995), which scales up less favourably to larger systems; see the
on these posterior probability estimates. Furthermore, to illustrateliscussions in Grzegorczyk and Husmeier (2008). This problem can
graphically that the light:dark entrainment has an effect on then principle be alleviated by the development of improved MCMC
regulatory relationships, an edge posterior probability estimatesampling schemes — akin to the improvement of MCMC schemes
scatter plotTho versusTss is given in Figure 5. Interestingly, it for conventional Bayesian networks (Grzegorczyk and Husmeier,
appears that the edge posterior probabilities are slightly differen2008) — but the practical implementation needs to be left for future
but do no completely differ; especially the edges with the highestresearch.
posterior probability (around 1) are almost the same for both time
seriesT»o and T>s. The Pearson correlation coefficient is equal
to 0.84. Scatter plots of the directed edge posterior probabilitieé1 GENERAL DISCUSSIONS AND RELATED WORK
obtained by BGM inference versus BGe inference are shown irBayesian networks provide an abstract and simplified representation
Figure 6. It can be seen from the two panels that the posterioof regulatory networks and signalling pathways, which is certainly
probabilities are correlated and do not differ drastically. The Pearsonot appropriate when trying to resolve the detailed structure of
correlations are equal to 0.94%) and 0.93 {%s). a specific pathway. There is a clear trade-off between model
complexity and inference accuracy/computational complexity.

Bayesian networks based on the BDe and BGe scoring metric
3 COMPUTATIONAL COMPLEXITY AND are of a simple form, but allow the marginal likelihood to be

PERFORMANCE OF THE BGM ALGORITHM computed analytically. More complex models along the line we

The computational complexity of the proposed BGM algorithm discuss below sacrifice inference accuracy and resort to measures
depends on the number of network nod€sand the number of that are only reliable in the limit of very large data sets, like
observationsn. The computational complexity related 2 is the ~ the Laplace approximation or, worse, the Bayesian information
same as for standard Bayesian network inference based on eithefiterion BIC (Schwarz, 1978). Computing marginal likelihoods for
the BGe or the BDe scoring metric. As the number of domain nodegven more accurate models based on differential equations have
N increases, convergence and mixing of the MCMC simulationsbeen attempted, but the computational costs are so high that this
become poorer, and the posterior distributions become more diffus@pproach is restricted to model selection from a very small set
To deal with the diffuse posteriors, the analysis of networks shouldf candidate pathways (Vyshemirsky and Girolami, 2008). We
focus on conserved subnetworks and network features, as discusstherefore hold the view that simpler models, like Bayesian networks
in Friedmanet al. (2000). To improve mixing and convergence using BGe (Geiger and Heckerman, 1994), still play an important
of the MCMC simulations, improved and alternative proposalrole in systems biology.
scheme have been introduced; see Friedman and Koller (2003) andIn principle, one could obtain a model that is more flexible
Grzegorczyk and Husmeier (2008). These aspects have already bethan the proposed BGM method by selecting the components and
investigated in the literature before, and we therefore do not revisiallocations for each domain variable separately. E.geta. (2007)
them. apply a mixture of Bayesian networks model to infer gene regulatory
The additional complexity of the proposed BGM algorithm is also networks from expression data. In fact, the model oEKal.(2007)
related to the data set size, as each new data point is associatedis more flexible than our BGM model, with node-specific Gaussian
with a separate allocation variable, that is a new component of thenixture models and, hence, node-specific breakpoints. However, the
allocation vectorV. To investigate how well our model scales up inference procedure is less sound in that the marginal likelihood is
asm increases, we have also run simulations on larger synthetiimtractable. The authors resort to the Bayesian information criterion
Gaussian data sets with = 480 data points, and we found that the BIC for model selection, which is only a good approximation to the
computational costs do not increase substantially. marginal likelihood in the limit of very large data sets, instead of
The BGM inference results suggest that the number of component proper Bayesian network scoring metric based on the marginal
in the heterogeneous data can be learned more accurately than witkelihood, such as BGe or BDe. BIC is known to be a crude
the smaller data set (see Figure 3 in the main paper and Figure dpproximation to the proper BGe score, which in many practical
in this supplementary paper); however, the network reconstructiompplications is strongly over-regularized, especially when the data
accuracy appears to slightly deteriorate (see Figure 1 and Figure 2 are sparse. Additionally, instead of sampling the network structure,
the main paper). This finding might be counter-intuitive, as a largethe number of components, and the allocation of the observations
data set contains more information and should therefore lead to flom the joint posterior distribution with Markov chain Monte Carlo
better performance. However, our finding is consistent with the fac(MCMC), as in our work, the approach proposed inéal. (2007)
that increased data set sizes lead to likelihood landscapes that asbased on a heuristic optimisation scheme that fails to take the
more rugged and, hence, result in increased mixing and convergenatrinsic inference uncertainty into account.
problems; see Figure 7 in Grzegorczyk and Husmeier (2008)Finally, we note that it has recently come to our attention that
When learning conventional Bayesian networks based on the BGelosely related work has been carried out &bke (2008). The main
and BDe scoring metrics this problem can be addressed, e.g. hjifferences are as follows. The present work has been motivated
improving the MCMC proposal moves, as reported in Grzegorczykoy the attempt to find a non-linear generalization of the BGe




Marco Grzegorczyk!-5-*, Dirk Husmeier?:%*, Kieron D. Edwards?3, Peter Ghazal*-> and Andrew J. Millar!->

L1l BDe 1 BGe 1 BGM I
CMV CMV CMV
|I’f1 |I’f2 |I’f3 |I’f1 |rf2 Irf3 Irf{ |I‘f2 |I‘f3
Irfy — 0.89 0.04 || Irfy — 1.00 0.83 || Irfy — 1.00 0.84
Irf2 || 0.63 — 0.91 || Irfy || 0.91 — 0.83 || Irfy || 0.86 — 0.40
Irf3 || 0.33 0.18 —- || Irf3 || 0.98 0.51 — || Irf3 || 0.86 0.29 —
IFN,, IFN,, IFN.,
|I’f1 |I’f2 |I’f3 |I’f1 Irf2 |I'f3 |l’f1 |I’f2 |I’f3
Irfq — 0.18 0.67 || Irfy — 0.75 0.79 || Irfy — 0.94 0.79
Irfa || 0.05 — 0.03 || Irfy || 0.34 — 0.80 || Irfo || 0.77 — 0.37
Irfs || 0.73 0.02 —- || Irf3 || 0.67 0.44 —- || Irf3 || 0.75 0.30 —
CMV+IFN,, CMV+IFN,, CMV+IFN,,
|I"f1 Irf2 |I’f3 |rf1 |I’f2 |I’f3 |I’f1 |I'f2 |I'f3
Irfq — 0.02 0.39 || Irfy — 0.77 0.80 || Irfy — 0.80 0.80
Irfg || 0.01 — 0.02 || Irfy || 0.34 — 0.37 || Irfy || 0.44 — 0.37
Irfs || 0.01 0.90 —- || Irf3 || 0.66 0.34 —- || Irf3 || 0.68 0.33 —

Table 1. Macrophage data: Inferred posterior probabilities of directed edges for each combination of experimental condition (CMV, IFNand
CMV+IFN-) and BN inference procedure (BDe, BGe, and BGM). In each@hihe subtables the (i,j)-th cell contains the marginalgrist probability for
an edge from Irfto Irf; (¢,5 =1,...,3).

[ data || CMV IFN, CMV+IFN, ||
BDe [[ 0.67 078 0.00
BGe || 1.00 0.22 0.56
BGM || 1.00 078 0.67

Table2. Macrophage data: AUROC values. For each of the three macrophage data sets the table showB&&Be and BGM AUROC values computed
from the directed edge relation features. The highest AUR@GIGes for each data set are set in bold.

[ genes || LHY CCA1 TOC1 ELF4 ELF3 Gl PRR9 PRR5 PRR3
LHY — 100 053 037 043 035 019 0.15

CCAL || 094 — 048 036 051 040 032 013

TOC1|| 0.08 015 — 028 047 009 028 0.15

ELF4 || 0.16 0.3 018 — 025 004 094 0.19

ELF3 || 0.09 015 008 013 — 004 053 0.15

Gl 099 099 088 048 027 — 033 097

PRR9 || 0.49 026 020 043 026 1.00 — 0.0

PRR5 || 0.07 0.09 042 063 022 099 014 —

PRR3|| 011 015 011 014 024 006 017 0.16

Table 3. Arabidopsis thaliana T data: Inferred posterior probabilities of directed edges. The estimates were obtained with BGM inference for time
series o (10h:10h light:dark entrainment). The (i,j)-th cell comsithe marginal posterior probability of an edge from the gertiee i-th row to the gene in

the j-th column.

| genes || LHY CCA1 TOC1 ELF4 ELF3 GI PRR9 PRR5 PRF?H;

LHY — 1.00 065 071 039 013 044 023 O.
CCAl || 0.92 — 040 039 061 016 035 051 O
TOC1 || 0.12 0.06 — 024 040 010 0.60 018 O.
ELF4 0.09 0.11 0.14 — 0.23 0.05 044 0.08 O
ELF3 0.10 0.08 0.10 0.17 — 055 053 007 O
Gl 1.00 1.00 075 063 030 — 016 089 O.
PRR9 || 0.20 0.42 012 015 024 099 — 090 O.
PRR5 || 0.18 0.13 062 037 024 092 021 — 0.
PRR3 || 0.31 0.12 0.12 017 025 0.04 0.13 0.09

Table 4. Arabidopsis thaliana T»g data: Inferred posterior probabilities of directed edges. The estimates were obtained with BGM inference for time
series bs (14h:14h light:dark entrainment). The (i,j)-th cell comsthe marginal posterior probability of an edge from the gertlee i-th row to the gene in

the j-th column.
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Fig. 1. Synthetic Gaussian data: Histograms of the number of inferred mixture components. For each considered combination of true components
(1 < Krrue < 5) and sample sizen a histogram of the number of BGM-inferred components is shdweach histogram the vertical axes represent
posterior probabilities estimated with MCMC whereby the BGMMC trajectories have been merged across the 5 indepeneplitations. From the
histograms it can be seen that the posterior distributiomefriumber of mixture componenks inferred with BGM tends to peak at the correct number
(indicated by black bars) fo€ < 4. Only for the combinatiorilC = 3 andm = 60 the posterior distribution of the number of inferred compdsaewongly
peaks afC = 2. ForKrryge = 5 (last row) the posterior distribution of the number of ineatrcomponents becomes flat and does not peak at the correct
number of components for. = 60 andm = 180.

model, using a mixture distribution and the allocation sampler.(2007). The second difference is thaghlre (2008) allows the
The regionality, that is, the segmentation of the time series intanodel to learn different graphs between different breakpoints, while
consecutive segments has come out of the inference automaticalijy our approach the graph is constrained to remain unchanged.
that is, it is purely data-driven. The breakpoint model applied inWhile this makes the approach othre (2008) more flexible, it
Lebre (2008) imposes this structure onto the model a priori. Whilamplies that there is no sharing of information between different
this is a useful assumption in most cases, it is more restricted ibreakpoints. To rephrase this: while the method ebte (2008)
terms of modelling non-linear distributions. Also, if the regionality infers the breakpoint structure from the whole data set, it infers
assumption is valid, it is straightforward to include it as prior a graph associated with a breakpoint only from the subset of the
knowledge in our model via a Markovian dependence betweemlata assigned to the respective segment. Note that time series
the latent variables. In fact, this approach could be regarded as available for contemporary microarray studies are usually limited
generalization of the breakpoint model, as discussed in Lehracto a few dozen time points. Further decreasing the effective sample

a1
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Fig. 2. Macrophage data: Gene expression time series of the Interferon regulatory factors. Black symbols: Irf1; grey symbols: Irf2; and white symbols:
Irf3. Concrete allocations were obtained by imposing thotgshon the connectivity matrices, whereby for each condlitie threshold was selected such that
an allocation consistent with the trends indicated by threesponding heat matrix shown in Figure 5 of the main paper wésreed. The different symbols
(triangles, circles, squares) along the time series ingliadtich observations are then assigned to the same mixture cemipby the proposed inference

scheme.
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Fig. 3. Macrophagedata: Scatter plotsfor the macrophage data. The figure shows scatter plots of the collected Irf gene esgioa data. For each condition
(CMV, IFN,, and CMV+IFN,.) there is a column with three panels showing the scattes fidotthe three Irf gene pairs (Irfl vs. Irf2, Irfl vs. Irf3,cirf2 vs.

Irf3). The symbols (rectangles, triangles, and circlesjcatd to which component the data points are allocated acwpto Figure 2. See caption of Figure 2
for more details.
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Fig. 4. Gene expression time series of nine circadian genes in Arabidopsis thaliana. For each of the selected nine circadian clock-regulateégérere
is a plot of two time series. The solid lines refer to the measergs of time serie§»s (14:14 light:dark entrainment) and the dashed lines reféhd¢o
measurements of serids, (10:10 light:dark entrainment). It can be clearly seen tlaaying the entrainment leach to a phase shift of the gene ssipre
profiles. For most of the circadian genes the dashed Tihg)(seems to be shifted by 2h compared to the solid [ifig ).
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Fig. 5. Arabidopsis thaliana data. Scatter plot of edge posterior probabilitiésso (horizontal axis) versugg (vertical axis). The Pearson correlation
coefficient is equal to 0.84. The coordinates of all pointsawvandomly slightly perturbed to visualize clusters of p&in
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Fig. 6. Arabidopsis thaliana data. Edge posterior probabilities BGe versus BGM. For both time serie§5o (panel (a)) andl»s (panel (b)) the edge
posterior probabilities of BGM (horizontal axis) have bgsotted against the edge posterior probabilities of BGetiga axis). The Pearson correlation
coefficients are equal to 0.94{,) and 0.93 {»g). The coordinates of all points were randomly slightly pesad to visualize clusters of points.
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