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The sampling scheme proposed in [2] is of the type of a Gibbs-within-Gibbs procedure,
where the individual hidden states of the Markov chain, S = {S},..., Sy}, are individu-
ally sampled in separate Gibbs steps by application of equation (17) in [2], which is itself
a step within a Gibbs sampling procedure; see equation (13) of [2]. This procedure, which
was first proposed in [4], shows slower mixing than sampling the whole state sequence S
from the posterior distribution directly. Let P(S|D) denote the probability distribution of
state sequences conditional on the observed sequence alignment D = {y;,...,yn}, where
y: denotes the column vector of nucleotides at site ¢ in the alignment (the ‘observable’);
the dependence of the distribution on the model parameters will not be made explicit in

order to simplify the notation. Define

a(Sy) = P(y1,.--, ¥t St) (1)

which is the function computed in the forward algorithm of the forward-backward algo-
rithm for hidden Markov models (HMMs); see, for instance, [3]. Now,
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The simplifications carried out here follow directly from the independence relations in
HMMs. The last step follows from the fact that the first term in the second-last line is
independent of S; and therefore cancels out in the normalization:

P(St+1|5t = k)at(St = k’)

P(St = letJrh .. ~7SN7Y17 s 7yN) = Zz P(St+1|St = Z)Oét<5t == Z) (3)

Obviously, any scaling constant also cancels out in the normalization; hence replacing

ay(S;) by some scaled version for numerical stabilization of the forward algorithm will
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not affect the result. The algorithm is initialized by drawing the final state, Sy, from the

following distribution:

CYN(SN = l{)

P(SN:k|y17---aYN) = Z'QN(SNZZ')

(4)

The overall algorithm can thus be summarized as follows:

e Run the (scaled) forward-backward algorithm.
e Sample Sy from (4).

e Sample the remaining states Sy_1,...,S recursively from (3).

It is straightforward to introduce a simulated annealing scheme during burn-in to accel-

erate convergence; see Section 6.5 in [1].
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